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equation for a distributional Hamiltonian system, by the calculation in detail. Moreover, we 
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1 Introduction 

As it is well-known, the Hamilton-Jacobi theory is an important part of classical mechanics. 
Indeed, Hamilton-Jacobi equation provides a characterization of the generating functions of cer¬ 
tain time-dependent canonical transformations, such that a given Hamiltonian system can be 
converted in an equivalent one, in such a form that its solutions are extremely easy to find (this is 
the so-called method by reduction to the equilibrium, see Abraham and Marsden [1], Arnold [2], 
Libermann and Marie [26], and Marsden and Ratiu [30]). In addition, it is possible in many 
cases that Hamilton-Jacobi equation provides an immediate way to integrate the equation of 
motion of system, even when the problem of Hamiltonian system itself has not been or cannot 
be solved completely. Moreover, the Hamilton-Jacobi equation is also fundamental in the study 
of the quantum-classical relationship in quantization, and it also plays an important role in the 
development of numerical integrators that preserve the symplectic structure and in the study of 
stochastic dynamical systems, see Woodhouse [48], Ge and Marsden [13], Marsden and West [33] 
and Lazaro-Camf and Ortega [20] . For these reasons, it is described as a useful tools in the study 
of Hamiltonian system theory, and has been extensively developed in the past years, becoming 
one of the most active subjects in the study of modern applied mathematics and analytical 
mechanics. The geometric point of view has been discussed in Abraham and Marsden [1], and 
later exploited by many authors, see Carinena et al. [8] and [9], Iglesias et al. [15], de Leon et 
al. [21,22], Vitagliano [41], for more details. Also, Wang in [43] proves a key lemma, inspired for 
the corresponding results of Abraham and Marsden in [1] that can be used to get some exten¬ 
sions of the Hamilton-Jacobi theory for more general settings, see Wang [43-46] for more details. 

We have known that, in mechanics, it is very often that many systems have constraints. Usu¬ 
ally, there are two types of constraints. The first one is holonomic, which is that imposed on the 
configuration space of a system; the second one is nonholonomic, which involves the conditions 
on the velocities of a system, such as rolling constraints. Thus, the nonholonomic mechanics 
describes the motion of systems constrained by nonintegrable constraints, i.e., constraints on 
the system velocities that do not arise from constraints on the configurations alone. Moreover, 
the reduction of nonholonomically constrained mechanical systems is very important subject 
in geometric mechanics, and it is also regarded as a useful tool for simplifying and studying 
concrete nonholonomic systems. Indeed, there are many interesting results obtained by many 
scholars: Koiller in a seminal paper [17] studied the nonholonomic reduction, when the Lie group 
is not Abelian; Bloch in [4] studied the reduction and control of nonholonomic systems; Bates 
and 5niatycki [3] and Cantrijn et al. [6, 7] developed an almost symplectic reduction on the 
Hamiltonian side of nonholonomic systems, see also, Cushman et al. [11] and [12]; and Bloch et 
al. in [5] and de Leon et al. in [23] developed the reduction on the Lagrangian side; and de Leon 
et al. in [22,24] and Koon and Marsden in [18,19] developed Poisson reduction; and Koon and 
Marsden in [18] established the equivalent relations between the two sides of Hamiltonian and 
Lagrangian. There have been other important results, see Cantrijn et al. [6], Cendra et al. [10], 
Koon and Marsden in [19], Jotz and Ratiu [16], 5niatycki [38] and [39] and so on. 
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A natural problem is how to study the Hamilton-Jacobi theory in the presence of symmetries, 
even in the nonholonomic case. This is goal of our research in this paper. In particular, we note 
that, because of the restriction given by constraints, in general, the dynamical vector field of a 
nonholonomic Hamiltonian system may not be Hamiltonian, however it can be described by the 
dynamical vector field of a distributional Hamiltonian system. The distributional Hamiltonian 
system and its nonholonomic reduction have been introduced by Bates and 5niatycki in [3], also 
see Cushman et ah [11] and [12], and it is called the semi-Hamiltonian system in Patrick [36]. 
In this paper, we give the formulations of two types of Hamilton-Jacobi equations for a distri¬ 
butional Hamiltonian system and its reduced distributional Hamiltonian systems, respectively, 
by analyzing carefully the structures for the nonholonomic (reduced) dynamical vector fields 
and by the calculation in detail. It is worthy of note that, in general, the dynamical vector 
field of the nonholonomic Hamiltonian system may not be Hamiltonian, and the distributional 
Hamiltonian system and its nonholonomic reduced distributional Hamiltonian systems are not 
yet Hamiltonian systems, we can not describe the Hamilton-Jacobi equations for distributional 
Hamiltonian system and its reductions from the viewpoint of generating function as in the clas¬ 
sical case. 

The paper is organized as follows. In section 2 we first recall the main facts about the 
dynamics of a nonholonomic Hamiltonian system, including the influence of symmetries, which 
are helpful for us to understand the constructions of a distributional Hamiltonian system and 
its nonholonomic reduced distributional Hamiltonian system. In section 3, we give two types 
of Hamilton-Jacobi equation for a distributional Hamiltonian system, by the analysis and cal¬ 
culation in detail. The nonholonomic reducible Hamiltonian systems with symmetries, as well 
as momentum maps, are considered respectively in section 4 and section 5, and give two types 
of Hamilton-Jacobi equations for the nonholonomic reduced and the J-nonholonomic reduced 
distributional Hamiltonian systems (in particular, when the Lie group is not Abelian). As the 
applications of the theoretical results, we consider the motions of the constrained particle in 
space and the vertical rolling disk in section 6, and give various Hamilton-Jacobi equations 
for the distributional Hamiltonian systems and their reduced distributional Hamiltonian systems 
corresponding to the two nonholonomic systems. These research work develop the nonholonomic 
reduction and Hamilton-Jacobi theory of the nonholonomic Hamiltonian systems with symme¬ 
tries and make us have much deeper understanding and recognition for the structures of the 
nonholonomic Hamiltonian systems. 

2 Dynamics of Nonholonomic Mechanical System 

In this section, we first review briefly some basic facts about nonholonomic mechanical systems 
and give the descriptions of dynamics of a nonholonomic Hamiltonian system and the nonholo¬ 
nomic Hamiltonian system with symmetry, which are helpful for us in subsequent sections to 
understand the constructions of distributional Hamiltonian system and nonholonomic reduced 
distributional Hamiltonian system. We shall follow the notations and conventions introduced in 
Cantrijn et al. [7], Bates and 5niatycki in [3], Cushman et ah [11] and [12], Montgomery [34], 
de Leon et al. [23], Marsden et al. [31] and Wang [43]. 

In order to describe the dynamics of a nonholonomic mechanical system, we need some 
restriction conditions for nonholonomic constraints of the system. At first, we note that the 
set of Hamiltonian vector helds forms a Lie algebra with respect to the Lie bracket, since 
X{f^g} = —[Xf,Xg]. But, the Lie bracket operator, in general case, may not be closed on the 
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restriction of a nonholonomic constraint. Thus, we have to give the following completeness con¬ 
dition for nonholonomic constraints of a system. 

P-completeness Let Q be a smooth manifold and TQ its tangent bundle. A distribution 
'D C TQ is said to be completely nonholonomic (or bracket-generating) if V along with 
all of its iterated Lie brackets [D, [P, P]], • • • spans the tangent bundle TQ. Moreover, 

we consider a mechanical system on Q. Then nonholonomic constraints of the system are said 
to be completely nonholonomic if the distribution V C TQ defined by the nonholonomic 
constraints is completely nonholonomic. 

In this paper we consider that a nonholonomic mechanical system is given by a Lagrangian 
function L : TQ —)■ M subject to constraints determined by a completely nonholonomic distri¬ 
bution P C TQ on the configuration manifold Q. We denote by D the total space of P in TQ, 
which is a constraint submanifold. For simplicity we always assume that tq{D) = Q, where 
tq : TQ —)■ Q is the canonical projection, that is, the constraints are purely kinematical in the 
sense that they do not impose restrictions on the allowable positions. The motions of the system 
are forced to take place on D and this requires the introduction of some ’’reaction force”. In 
order to describe the constraint submanifold in the phase space and the dynamics of system, we 
have to give the following regularity condition. 

P-regularity In the following we always assume that Q is a smooth manifold with coordi¬ 
nates (g*), and TQ its tangent bundle with coordinates {q'‘,ct), and T*Q its cotangent bundle 
with coordinates {q^,Pj), which are the canonical cotangent coordinates of T*Q and cu = dq^ f\dpi 
is canonical symplectic form on T*Q. If the Lagrangian L : TQ —)• M is hyperregular, that is, the 
Hessian matrix {d^L/dq^dqQ is nondegenerate everywhere, then the Legendre transformation 
FL : TQ —)■ T*Q is a diffeomorphism. In this case the Hamiltonian H : T*Q —)■ M is given by 
H{q,p) = q- p — L{q, q) with Hamiltonian vector field Xh and M. = FL{T>) is a constraint sub¬ 
manifold in T*Q. In particular, for the nonholonomic constraint P, a Lagrangian L is said to be 
P-regular, if the restriction of Hessian matrix {d'^L/dq^dqQ on P is nondegenerate everywhere. 
Moreover, a nonholonomic system is said to be P-regular, if its Lagrangian L is P-regular. 
Note that the restriction of a positive definite symmetric bilinear form to a subspace is also pos¬ 
itive definite, and hence nondegenerate. Thus, for a simple nonholonomic mechanical system, 
that is, whose Lagrangian is the total kinetic energy minus potential energy, it is P-regular 
automatically, which is coincident with the sense of regularity of nonholonomic system given by 
de Leon and Martin de Diego [23]. 

In the following we shall describe the dynamics of the nonholonomic Hamiltonian system 
{T*Q,oj,'D, H). We dehne the distribution F as the pre-image of the nonholonomic constraints 
P for the map Tttq : TT*Q —)■ TQ, that is, F = (T7rg)“^(P) C TT*Q, which is a distribution 
along Ji4, and F° := {a € T*T*Q\ < a, v >= 0, Vu G TT*Q} is the annihilator of F in 
T*T*Q|^. We consider the following nonholonomic constraints condition 

{ixoj - dH) G T°, A G TM, (2.1) 

from Cantrijn et al. [7], we know that there exists an unique nonholonomic vector field Xn 
satisfying the above condition (2.1), if the admissibility condition dimAI = rankT and the com¬ 
patibility condition TA4 D F^ = {0} hold, where F^ denotes the symplectic orthogonal of F 
with respect to the canonical symplectic form ca. In particular, when we consider the Whitney 
sum decomposition T{T*Q)^xt = TM-(BF-^ and the canonical projection P : T{T*Q)\_x 4 —^ TXi, 
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we have that Xn = P{Xh)- 

If the Lagrangian L : TQ —> M is singular, in this case the Hessian matrix (d^L/dq^dq^) 
is degenerate. By using the Gotay-Nester presymplectic constraint algorithm, see [14], we can 
find a hnal constraint submanifold Aif C T*Q, such that on which there exists a nonholonomic 
vector field X^ satisfying the following nonholonomic constraints condition 

{ixoj — dH)^xif £ ^\Mf € TMf. ( 2 . 2 ) 

Therefore, without loss of generality, we shall henceforth always assume that there exists a non¬ 
holonomic vector field Xn satisfying the nonholonomic constraints condition. 

From the condition (2.1) we know that the nonholonomic vector held, in general case, may not 
be Hamiltonian, because of the restriction of nonholonomic constraints. But, we hope to study 
the dynamical vector held of nonholonomic Hamiltonian system by using the similar method of 
studying Hamiltonian vector held. On the other hand, we also note that Bates and Sniatycki 
in [3] give a method to study the nonholonomic Hamiltonian system and nonholonomic reduc¬ 
tion. In fact, for a nonholonomic Hamiltonian system {T*Q,uj,'D, H), by using their method, 
we know that there exist a distribution X = J- DTAi, a non-degenerate distributional two-form 
oj)C and a vector held X^ on the constraint submanifold Ai = FL{T>) C T*Q, such that the 
distributional Hamiltonian equation holds, then the triple {X,uj]c-,H) is a distri¬ 

butional Hamiltonian system, and X^ is a nonholonomic vector held. 

Moreover, we consider the nonholonomic Hamiltonian system with symmetry and nonholo¬ 
nomic reduction. Assume that Lie group G acts smoothly by the left on Q, its tangent lifted 
acts on TQ and its cotangent lifted acts on T*Q^ which is free, proper and symplectic. The 
orbit space T*QIG is a smooth manifold and the canonical projection vr/g : T*Q — )■ T*Q/G is 
a surjective submersion. In the following we shall describe the dynamics of the nonholonomic 
Hamiltonian system with symmetry (T*Q,G,(jJ,'D, H), where H : T*Q —)• M is a G-invariant 
Hamiltonian, and the completely nonholonomic constraints P C TQ is a G-invariant distri¬ 
bution, that is, the tangent of the group action maps Vq to Vgg for any q ^ Q. Since the 
Legendre transformation XL : TQ ^ T*Q is a hber-preserving map, then Ai = XL{J)) C T*Q 
is G-invariant, and the quotient space AA = Ai/G of the G-orbit in A4 is a smooth manifold 
with projection tt/q : Ai —?> Ai{c T*QjG) which is a surjective submersion. From Bates and 
iSniatycki [3], we know that there exists a distribution X, a non-degenerate distributional two- 
form and a vector field Xj^ on AA which takes values in the constraint distribution X, such 
that the following equation holds, that is, where dhj^ is the restriction of dhj^ 

to X and hj^ ■ tt/q = is the restriction of H to Ad. In this case, the triple {X,Ljj^,h) is a 
nonholonomic reduced distributional Hamiltonian system, and Xj^ is a nonholonomic reduced 
dynamical vector field. 

In particular, we assume that the Lie group G is not Abelian, and the cotangent lifted G- 
action on T*Q is free, proper and symplectic, and admits a Ad*-equivariant momentum map 
J : T*Q ^ g*, where g is a Lie algebra of G and g* is the dual of g. Let /r G g* be a regular value 
of J and denote by G^ the isotropy subgroup of the coadjoint G-action at the point /r G g*, which 
is defined by G^ = {g G G| Ad* /i = /r}. Since G^(c G) acts freely and properly on Q and on 
T*Q, then G^ acts also freely and properly on J“^(/.i), so that the space {T*Q)g = J“^(/i)/G^ 
is a symplectic manifold with symplectic form uniquely characterized by the relation 

7r*a;^ = i^u:. (2.3) 
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The map T*Q is the inclusion and vr^ : J“^(/x) —)• {T*Q)^ is the projection. The 

pair {{T*Q)fj,,uj^) is the Marsden-Weinstein reduced space of {T*Q,uj) at /r, (see Marsden and 
Weinstein [32], Marsden [27], and Marsden et al. [28]). In the following we assume that for the 
regular value € g*, the constraint submanifold A4 is clean intersection with J“^(//), that is, 
M. n / 0. Note that A4 is also G^(c G) action invariant, and so is J~^(/i), because J is 

Ad*-equivariant. It follows that the quotient space = {Ai fl J~^(/r))/G^ C {T*Q)fj,, which 
is the G^-orbit in A4 n is a smooth manifold with projection vr^ : AI n J~^(/r) — )■ 

which is a surjective submersion. 

In the following we shall describe the dynamics of the nonholonomic Hamiltonian system 
with symmetry and momentum map {T*Q,G,u},J,'D,H) by using the method given by Bates 
and 5niatycki in [3]. Assume that the distribution T(J~^(//)) Cl A pushes down to a distribution 

= T7r^(r(J“^(/i)) n F) on {T*Q)^ along Aip,, and is reduced Hamiltonian function 
hfj_ : {T*Q)fj_ —)■ M defined by = H We consider the following nonholonomic constraints 

condition 


€ F^, G TAifj,, (2-4) 

from Cantrijn et al. [6], we know that there exists an unique nonholonomic vector field satis¬ 
fying the above condition (2.4), if the admissibility condition dimAi^ = rankJyj and the compat¬ 
ibility condition TAI^n = {0} hold, where F^ denotes the symplectic orthogonal of F^j, with 
respect to the reduced symplectic form uj^. In the same way given by Bates and 5niatycki in [3], 
we know that there exists a distribution /C^, a non-degenerate reduced distributional two-form 
and a vector field X^,^ on the reduced constraint submanifold A\^ = {Ai n J“^(/i))/G^, 
such that the equation holds. Then the triple (/C^jWyc^) h) is a J-nonholonomic 

reduced distributional Hamiltonian system, and X/c^ is a J-nonholonomic reduced dynamical 
vector field. 

It is well-known that Hamilton-Jacobi theory from the variational point of view is originally 
developed by Jacobi in 1866, which states that the integral of Lagrangian of a system along 
the solution of its Euler-Lagrange equation satisfies the Hamilton-Jacobi equation. The clas¬ 
sical description of this problem from the geometrical point of view is given by Abraham and 
Marsden in [I]. Recently, Wang in [43] gave two types of geometric Hamilton-Jacobi theorems 
for Hamiltonian system and the regular reducible Hamiltonian system on the cotangent bundle 
of a configuration manifold, by using the symplectic structures and (reduced) dynamical vector 
helds. This work offers an important idea that one can use the dynamical vector fields of the 
(reduced) Hamiltonian systems to describe Hamilton-Jacobi equations. Thus, it is a natural idea 
that we hope to use the dynamical vector fields of distributional Hamiltonian system and non¬ 
holonomic reduced distributional Hamiltonian system to describe the Hamilton-Jacobi equations 
for nonholonomic (reducible) Hamiltonian systems, that is, we hope to generalize two types of 
geometric Hamilton-Jacobi theorems for Hamiltonian system and the regular reducible Hamil¬ 
tonian systems given in [43] to the nonholonomic context, and give a variety of Hamilton-Jacobi 
theorems for nonholonomic (reduced) Hamiltonian systems. 
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3 Hamilton-Jacobi Theorem for a Distributional Hamiltonian 

System 

In this section, we shall prove two types of geometric Hamilton-Jacobi theorem of a nonholo- 
nomic Hamiltonian system. In order to do this, we need first to describe the dynamics of the 
nonholonomic Hamiltonian system following the results given by Bates and ^niatycki in [3], (see 
also Cushman et al. [11] and [12] for more details). 

From now on, we assume that L : TQ ^ M is a hyperregular Lagrangian, and the Legendre 
transformation TL : TQ T*Q is a diffeomorphism. As above, our nonholonomic constraint 
C TQ is P-completely and P-regularly, and let C T*Q its annihilator. From §2, we can 
define the constraint submanifold M. = FL{T>) C T*Q, ij^ '■ Ad T*Q, and ujm = i*M^i 
that is, the symplectic form ijj_M is induced from the canonical symplectic form oj on T*Q, where 
i*j^ : T*T*Q —> T*A4. For the distribution F = (TTrQ)~^{'D) C TT*Q, we define the distribution 
1C = F CiTM.. Note that K.^ = F^ n TAd, where denotes the symplectic orthogonal of 1C 
with respect to the canonical symplectic form w, and the admissibility condition dimAd = rankA” 
and the compatibility condition TAd n A“*“ = {0} hold, then we know that the restriction of 
the symplectic form on r*Ad fibrewise to the distribution /C, that is, ujjc = t/c ■ u!m is 
non-degenerate, where tjc is the restriction map to distribution 1C. It is worthy of note that lujc 
is not a true two-form on a manifold, so it does not make sense to speak about it being closed. 
We call ujfc as a distributional two-form to avoid any confusion. Because ujfc is non-degenerate 
as a bilinear form on each fibre of 1C, there exists a vector field Xjc on Ad which takes values in 
the constraint distribution 1C, such that the following nonholonomic constraints condition holds, 
that is. 


= dff/c, (3.1) 

where dff/c is the restriction of dHj^ to /C and = r_v) • H is the restriction of FI to Ad. 
(3.1) is called the distributional Hamiltonian equation, see Bates and 5niatycki [3]. Thus, the 
geometric formulation of the distributional Hamiltonian system may be summarized as follows. 

Definition 3.1 (Distributional Hamiltonian System) Assume that the 4-tup^^ {T*Q,uj,D, H) 
is a D-completely and V-regularly nonholonomic Hamiltonian system, where D C TQ is a D- 
completely and D-regularly nonholonomic constraint of the system. If there exist a distribution 1C, 
a non-degenerate distributional two-form cojc and a vector field Xjc on the constraint submanifold 
Ad = FL{D) C T*Q, such that the distributional Hamiltonian equation ix,- 0 J]c = dH^ holds, 
where dH^ is the restriction ofdH^i to 1C as defined above, then the triple {lC,uJic,H) is called 
a distributional Hamiltonian system of the nonholonomic Hamiltonian system (T*Q,uj,D,H), 
and Xfc is called a nonholonomic dynamical vector field of the distributional Hamiltonian system 
{lC,uj!c, H). Under the above circumstances, we refer to {T*Q,uj,D, H) as a nonholonomic 
Hamiltonian system with an associated distributional Hamiltonian system [1 C,lox,H). 

Given a nonholonomic Hamiltonian system [T*Q,co,D,H) with an associated distributional 
Hamiltonian system {1C,ijJx,H), and using the non-degenerate distributional two-form ojx. and 
the nonholonomic dynamical vector field X^, we can prove two types of geometric Hamilton- 
Jacobi theorem for the distributional Hamiltonian system {lC,uJic, H). In order to do this, we 
need first give two important notions and a key lemma, (see also Wang [43]), which is obtained 
by a careful modification for the corresponding results of Abraham and Marsden in [1]. This 
lemma offers also an important tool for the proofs of the two types of Hamilton-Jacobi theorems 
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for the distributional Hamiltonian system and the nonholonomic reduced distributional Hamil¬ 
tonian system. 

Let Q be a smooth manifold and TQ its tangent bundle, T*Q its cotangent bundle with the 
canonical symplectic form ui, and T) <Z TQ is a. P-regularly nonholonomic constraint, and the 
projection ttq : T*Q — >■ Q induces the map Tttq : TT*Q TQ. Assume that 7 : Q ^ T*Q is 
an one-form on Q, if 7 is closed, then dj{x,y) = 0, V G TQ. In the following we introduce 
two weaker notions. 

Definition 3.2 (i) The one-form 7 is called to he closed with respect to Tttq : TT*Q — >■ TQ, if 
for any v,w & TT*Q, we have dj{T7rQ{v),T7rQ{w)) = 0; 

(ii) The one-form 7 is called to he closed on V with respect to Tttq : TT*Q — >■ TQ, if for any 
v,w ^ TT*Q, and Tttq{v), T 7 Tq{w) € V, we have d'y{TTTQ{v),TTTQ{w)) = 0. 

From the above definition we know that, the notion that 7 is closed on T with respect 
to Tttq : TT*Q —>■ TQ, is weaker than the notion that 7 is closed with respect to Tttq : 
TT*Q TQ. From Wang [ 43 ] we also know that the latter, that is, 7 is closed with respect 
to Tttq : TT*Q — >■ TQ, is weaker than the notion that 7 is closed. Thus, the notion that 7 is 
closed on T with respect to Tttq : TT*Q —)■ TQ, is weaker than that 7 is closed on T>, that is, 
d'y{x,y) =0, Vx,y G D. 

Lemma 3.3 Assume that 7 : Q —)■ T*Q is an one-form on Q, and A = 7 • ttq : T*Q — )■ T*Q. 
Then we have that 

(i) for any x,y € TQ, 'y*uj{x,y) = —d'y{x,y), and for any v,w G TT*Q, X*uj{v,w) = 
—d'y{TTTQ{v), Tttq{w)), since ui is the canonical symplectic form on T*Q; 

(ii) for any v,w € TT*Q, uj{T\ ■ v,w) = oj{v, w — TX ■ w) — d'y(TTTQ{v), Tttq{w)) ; 

(hi) If L is T-regular, and Im{'y) C A 4 = J-L(T>), then we have that Xh • 7 G along 7, and 
Xh ■ X £ T along X, that is, Tttq{Xh ■ 7(<?)) G Vg, Vg G Q, and Tttq{Xh ■ X{q,p)) G Vg, Vg G 

Q, {q,p) e t*q. 

Proof: We first prove (i). Since oj is the canonical symplectic form on T*Q, we know that there 
is an unique canonical one-form 6 , such that oj = —d 6 . From the Proposition 3 . 2.11 in Abraham 
and Marsden [ 1 ], we have that for the one-form 7 : Q — T*Q, 7*0 = 7. Then we can obtain 
that 


X*^{x,y) = 7*(-d6')(x,y) = -d{-f*e){x,y) = -d-f{x,y). 

Note that A = 7 • ttq : T*Q — )■ T*Q, and A* = ttq • 7* : T*T*Q T*T*Q, then we have that 

X*uj{v, w) = A*(—d 0 )(u, w) = —d{X* 9 ){v, w) = —d{TTQ ■ 'y* 9 ){v, w) 

= ■ l)iv,w) = -d'y{TTTQ{v), Tttq{w)). 


It follows that (i) holds. 


Next, we prove (ii). For any v,w £ TT*Q, note that v — T{^ ■ ttq) ■ v is vertical, because 

TTTqiv - r (7 • ttq) ■ v) = Tttq{v) - T{ttq ■ 7 • ttq) • V = Tttq{v) - Tttq{v) = 0, 

where we used the relation ttq • 7 • ttq = ttq. Thus, uj{v — T{'y ■ ttq) ■ v,w — ■ ttq) • u;) = 0, 

and hence, 

w(r(7 • ttq) -v, w) = Uj{v, w - r(7 • ttq) ■ w) + uj{T{'^ ■ ttq) ■ V, r(7 • ttq) ■ w). 

However, the second term on the right-hand side is given by 

w(T (7 • ttq) ■ V, r (7 • ttq) ■ w) = j*ut{Tttq{v), Tttq{w)) = -d 7 (T 7 rQ(u), r 7 rQ('u;)), 

where we used the conclusion (i). It follows that 

uj{T\ ■ v,w) = ■ ttq) ■ V, w) 

= Uj{v, w - r (7 • ttq) ■ w) - d'y{TTTQ{v), Tttq{w)) 

= Uj{v,w - TX ■ w) - d'y{TTTQ{v), Tttq{w)). 

Thus, (ii) holds. 


At last, we prove (iii). For any q £ Q, {q,p) £ T*Q, we have that 


and 


Then, 


X„. ^(,) = (5^ A _ A A).,(,). 

^ ^dpidqi dqidpi^^^^^ 


f)M f) r)M f) 

Tttq{Xh -liq)) =Tttq{Xh ■ X{q,p)) = {^^h{q) = ^ ^ 


' dpi dq'-' '' ' '' dpi dq'-' 

where 7 * : T*T*Q T*Q. Since Im( 7 ) C M, and = TL{Vq), from L is 

"D-regular, XL is a diffeomorphism, then there exists avq£ Vq, such that XL{vq) = 7 *(^^^)- 
Thus, 

Tttq{Xh • 7(g)) = Tttq{Xh • Xiq,p)) = ^L{vq)^^ £ V, 
it follows that Xh • 7 G T” along 7 , and Xh ■ X £ X along A. ■ 


By using the above Lemma 3.3, we can prove the following two types of geometric Hamilton- 
Jacobi theorem for the nonholonomic Hamiltonian system {T*Q,co,X, H) with an associated 
distributional Hamiltonian system {X, 0 Jic, H). At first, by using the fact that the one-form 
-y : Q ^ T*Q is closed on X with respect to Tttq : TT*Q TQ, we can prove the Type I of 
geometric Hamilton-Jacobi theorem for the distributional Hamiltonian system. For convenience, 
the maps involved in the following theorem and its proof are shown in Diagram-1. 


M > T*Q > Q -^ T*Q 


Xic 


Xh 


JC T{T*Q) ^— TQ t{T*Q) 




T 7 




Xh 
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Diagram-1 


Theorem 3.4 (Type I of Hamilton-Jacobi Theorem for a Distributional Hamiltonian System) 
For the nonholonomic Hamiltonian system (T*Q,oj,D, H) with an associated distributional 
Hamiltonian system {JC,uj!c,H), assume that 7 : Q —)• T*Q is a one-form on Q, and Xjj = 
Tttq ■ Xh -J, where Xh is the dynamical vector field of the corresponding unconstrained Hamil¬ 
tonian system {T*Q,uj,H). Moreover, assume that Im{'^) C A4 = TL{'D), and Im{T^) C X. 
If the one-form 7 : Q —)• T*Q is closed on V with respect to Tttq : TT*Q —>■ TQ, then j is a 
solution of the equation T^ ■ Xjj = X/c ■ 7 . Here X/c is the dynamical vector field of the distri¬ 
butional Hamiltonian system {X,ujic, H). The equation T 7 • Xjj = X]q ■ 7 is called the Type I of 
Hamilton-Jacobi equation for the distributional Hamiltonian system (X,uJic,H). 

Proof: At first, we note that Im( 7 ) C A4, and Im(T 7 ) C X, in this case, lvic ■ t/c = tic ■ ojm = 
Tfc ■ i*j^ ■ tv, along Im(T 7 ). Thus, using the non-degenerate distributional two-form ujic, from 
Lemma 3.3, if we take that v = Xh • 7 S and for any w G H, TX{w) / 0, and tic ■ w ^ 0, 
then we have that 

W/c(T 7 • ^H, Tic-W)= iOlc{TlC ■ T-f ■ X]j, TIC ■ w) 

= Tic-i(M- ■ Xjj, w) = Tic-i(M- a;(r(7 • ttq) - Xh -J, w) 

= Tic-i%i- {uj{Xh ■J,w- T{-f ■ ttq) ■ w) - d-f{TTrQ{XH ■ j), T 7 rQ{w))) 

= Tic-i%i- u}{Xh -7, w) -TK-i%i- u}{Xh ■ J, ^(7 • t-q) ■ w) 

-Tic-i%i- dj{T7rQ{XH • 7), Tttq{w)) 

= ^k.{tic ■ Xh -j, Tic-w)- ujic{tic ■ Xh-j, tic- r (7 • ttq) ■ w) 

-Tic-i*M- dj{T7rQ{XH • 7), Tttq{w)) 

= -J, Tic-w) - ioiciXic -7, T/c • r 7 • TiTQiw)) 

-Tic-i*M- djiTTTQ^Xn ■ 7), Tttq{w)), 

where we have used that • T 7 = T 7 , and tic ■ Xh • 7 = Xic ■ 7 , since Im(T 7 ) C X. If the 
one-form -j : Q ^ T*Q is closed on V with respect to Tttq : TT*Q TQ, then we have that 
d^{TTTQ{XH -j), Tttq{w)) = 0, since Ah- 7 , rc € A, and Tttq(Ah • 7 ), Tttq( tc) € D, and hence 

Tic-i*M- d 7 (r 7 rQ(AH • 7), Ttiq{w)) = 0, 


and 


^k.{Ti ■ X]j, Tic-w) - u;/c(A/c - 7 , Tic-w) = -u}ic{tic • Ah • 7, tic-T-j- T-kq{w)). ( 3 . 2 ) 

If 7 satisfies the equation T 7 • Xjj = A^: • 7 , from Lemma 3.3(i) we deduce that 

-ooiciXic - 7 , Tic-T-y ■ T-kq{w)) = -oJiciT-f ■ A^, t^-T-j ■ T-kq{w)) 

= -^k{tk ■ T-f ■ X]j, tic-Tj- Tttq{w)) 

= -tk ■ iXi ■ • Tttq{Xh ■ 7), ^7 • T-kq{w)) 

= -'^K ■ iU ■ 1 *oj{T'Kq{Xh ■ 7), T-kq^w)) 

= Tic-i*M- d 7 (r 7 rQ(AH • 7), T 7 :q{w)) = 0 . 

Because the distributional two-form wyc is non-degenerate, the left side of (3.2) equals zero, only 
when 7 satisfies the equation T^-Xjj = Xic-j. Thus, if the one-form j : Q ^ T*Q is closed on V 
with respect to Tttq : TT*Q TQ, then 7 must be a solution of the Type I of Hamilton-Jacobi 
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equation T 7 • = Xjc ■ 7 - ■ 


Next, for any symplectic map e : T*Q —>• T*Q, we can prove the following Type II of 
geometric Hamilton-Jacobi theorem for the distributional Hamiltonian system. For convenience, 
the maps involved in the following theorem and its proof are shown in Diagram-2. 


M 

Xk 

K- 


-X^T*Q 


Xhs 


-tk 


T{T*Q) 



-Q - 

Xh 

Ttvq 

TQ^ — -T{T*Q) 


Diagram-2 

Theorem 3.5 (Type II of Hamilton-Jacobi Theorem for a Distributional Hamiltonian Sys¬ 
tem) For the nonholonomic Hamiltonian system (T*Q,u},D, H) with an associated distributional 
Hamiltonian system {1C, coic, H), assume that 7 : Q —>■ T*Q is a one-form on Q, and A = 7 • ttq : 
T*Q — > T*Q, and for any symplectic map e : T*Q — )• T*Q, denote by Xfj = Tttq ■ Xjj ■ e, 
where Xh is the dynamical vector field of the corresponding unconstrained Hamiltonian system 
{T*Q,uj,H). Moreover, assume that Im{'y) C A4 = FL{T>), and Im{T^) C JC. If e is a solu¬ 
tion of the equation Tfc ■ Te{X}{-e) = TX ■ Xh ■ e, if and only if it is a solution of the equation 
T7 • Xfj = Xjc ■ £. Here Xn-e is the Hamiltonian vector field of the function H ■ e : T*Q ^ 
and Xjc is the dynamical vector field of the distributional Hamiltonian system {IC,uJic,H). The 
equation T'j-Xfj = Xjc-e, is called the Type H of Hamilton-Jacobi equation for the distributional 
Hamiltonian system {JC,uic, H). 

Proof: In the same way, we note that Im( 7 ) C Ai, and Im(r 7 ) C JC, in this case, ujfc ■ tic = 
-u, along Im(r 7 ). Thus, using the non-degenerate distributional two-form 
from Lemma 3.3, if we take that v = T]c-Xh-£ = Xic-£ G /C(c F), and for any w G F, TX{w) 7 ^ 0, 
and Tic ■ w ^ 0, then we have that 

uifciT'y ■ Xfj, Tic-w) = iOic{Tic • T 7 • Xh: tic ■ w) 

= Tic-i*j^- u}{T-f ■ Xjj, w) = Tic-i*j^- u}{T{j ■ ttq) ■ Xh ■ e, w) 

= Tic-i%i- {uj{Xh ■£, w- r (7 • ttq) ■ w) - d-f{TTrQ{XH ■ e), Tttq{w))) 

= Tic-i*j^- uj{Xh -e, vS)-TK.-i*j^- uj{Xh ■£, TX-w) 

-Tic-i%i- d-fiTTTQiXH ■ e), T7tq{w)) 

= ^K{rK ■ Xh ■£, Tic-w) - ujic{tic ■ Xh ■ £, tic- TX-w) 

+ TK-i%i- X*ui{Xh ■ £, w) 

= ujic{Xic-£, TIC - w) - ujic{tic- Xh ■ e, TX - w) + ujic{TX ■ Xh ■ £, TX-w), 

where we have used that -Ty = T 7 , tic-TX = TX, and tic-Xh -£ = Xic-e, since Im(T 7 ) C /C. 
Note that e : T*Q —>• T*Q is symplectic, and Xh - £ = Te- Xn-e^ along e, and hence tic - Xh - £ = 
Tfc -T£ - Xn-ei along e. Then we have that 

wic{T-f - Xfj, Tic-w) - ioiciXic -£, Tic- w) 

= -ujic{tic - Xh - £, TX-w) -I wtc{TX - Xh -£, TX-w) 

= i^k{TX - Xh - £ — Tic - T£ - Xn-e, TX - w). 
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Because the two-form is non-degenerate, it follows that the equation Tj ■ Xfj = Xjc ■ £, is 
equivalent to the equation Tjc ■ Te ■ Xn-e = TX ■ Xh ■ £■ Thus, e is a solution of the equation 
T/c ■ Te ■ Xh-e = TX ■ Xh ■ e, if and only if it is a solution of the Type II of Hamilton-Jacobi 
equation Ty • Xfj = Xx. • £■ ■ 

Remark 3.6 If the Hamiltonian system we considered has not any constrains, in this case, the 
distributional Hamiltonian system is just the Hamiltonian system itself. From the above Type I 
and Type H of Hamilton-,Jacobi theorems, that is. Theorem 3.4 and Theorem 3.5, we can get the 
Theorem 2.5 and Theorem 2.6 in Wang [43j. It shows that Theorem 3.4 and Theorem 3.5 are 
the generalization of two types of geometric Hamilton-Jacobi theorem for Hamiltonian system 
given in [jS] to the nonholonomic context. 

Remark 3.7 It is worthy of note that, in general, the dynamical vector field of the nonholo¬ 
nomic Hamiltonian system may not be Hamiltonian, and the distributional Hamiltonian system 
is not yet a Hamiltonian system, and hence we can not describe the Hamilton-Jacobi equation for 
a distributional Hamiltonian system from the viewpoint of generating function as in the classical 
case. Thus, the formulations of Type I and Type H of Hamilton-Jacobi equation for a distribu¬ 
tional Hamiltonian system, given by Theorem 3.4 and Theorem 3.5, have more extensive sense. 
On the other hand, ifj is a solution of the classical Hamilton-Jacobi equation, that is, Xh-'I = 0, 
which is equivalent to the equation d{H -y) = 0, or H{q,j{q)) = E, q € Q, and E is a constant, 
in this case, Xjj = Tttq ■ Xh • y = 0, and hence from the Type I of Hamilton-Jacobi equation, 
we have that Xx • y = Ty • X'fj = 0. Since the classical Hamilton-Jacobi equation Xh • y = 0, 
shows that the dynamical vector field of the corresponding unconstrained Hamiltonian system 
{T*Q, oj, H) is degenerate along y, then the equation Xx • y = 0, shows that the dynamical vector 
field of the distributional Hamiltonian system (/C,w^,R) is degenerate along y. The equation 
Eix • y = 0 is called the classical Hamilton-Jacobi equation for the distributional Hamiltonian 
system {JC,ujx,H). In addition, for a symplectic map e : T*Q T*Q, if Xh • e = 0, then from 
the Type H of Hamilton-Jacobi equation, we have that Xx ■ e = Ty • Xfj = 0. But, from the 
equation tx - Te ■ Xh-e = TX ■ Xh ■ e, we know that Xx ■ e = 0 is not equivalent to Xh-e = 0. 

Remark 3.8 If the one-form y : Q ^ T*Q is not closed on T> with respect to Tttq : TT*Q —> 
TQ, then we know that y is not yet closed on V, that is, dy(x,y) 7 ^ 0, 'J x,y £ T>, and hence 
y is not yet closed on Q. However, in this case, we note that d • dy = d^y = 0, and hence the 
dy is a closed two-form on Q. Thus, we can construct a magnetic symplectic form on T*Q, 

Cj = w-I- 7 rg(dy), and a magnetic nonholonomic Hamiltonian system {T*Q,Cj,T>,H) with an 
associated magnetic distributional Hamiltonian system {IC,cbx, H), which satisfies the magnetic 
distributional Hamiltonian equation i^^cD = dHx. Moreover, we can prove that the Type I and 
Type H of Hamilton-Jacobi theorem hold, for the magnetie distributional Hamiltonian system 
{IC,cbxi H). See de Leon and Wang [25] for more details. 

4 Hamilton-Jacobi Theorem for a Reduced Distributional Hamil¬ 
tonian System 

In this section, we shall consider a nonholonomic Hamiltonian system with symmetry, and prove 
two types of Hamilton-Jacobi theorem for a nonholonomic reduced distributional Hamiltonian 
system, which are extensions of the above two types of Hamilton-Jacobi theorem for distribu¬ 
tional Hamiltonian system under nonholonomic reduction. In order to do this, we need first to 
describe the nonholonomic reduction and the dynamics of a nonholonomic Hamiltonian system 
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with symmetry. In the following we shall state carefully how to construct the nonholonomic 
reduced distributional Hamiltonian system, which has been introduced by Bates and Sniatycki 
in [3], see also, Cushman et al. [11] and [12]. Now, we assume that the 5-tuple {T*Q, 0,00,1), H) 
is a X>-completely and P-regularly nonholonomic Hamiltonian system with symmetry, and the 
Lie group G acts smoothly on Q by the left, and we also consider the natural lifted actions on 
TQ and T*Q, and assume that the cotangent lifted action on T*Q is free, proper and symplectic. 
The orbit space T*Q/G is a smooth manifold and the canonical projection tt/q : T*Q —)• T*QIG 
is a surjective submersion. 

Assume that H : T*Q —)• M is a G-invariant Hamiltonian, and that the P-completely and 
2?-regularly nonholonomic constraints D C TQ is a G-invariant distribution, that is, the tangent 
of the group action maps Vq to Vgq for any q £ Q. Note that the Legendre transformation 
TL : TQ —>■ T*Q is a fiber-preserving map, from §2, then A4 = J-L{T)) C T*Q is G-invariant, 
and the quotient space Ad = Ad/G of the G-orbit in Ad is a smooth manifold with projection 
vt/q : Ad —>■ Ad(c T*Q/G), which is a surjective submersion. 

Since G is the symmetry group of the system, all intrinsically defined vector fields and 
distributions push down to Ad. In particular, the vector field Xm on Ad pushes down to a 
vector field = Ttt^q ■ , and the distribution /C pushes down to a distribution Ttojq -X 

on Ad, and the Hamiltonian H pushes down to h, such that h ■ n jq = ' H. However, uj;c 

need not push down to a distributional two-form defined on Ttf/c • /C, despite of the fact that 
LOic is G-invariant. This is because there may be infinitesimal symmetry r]ic that lies in Ad, such 
that igic^K 7^ 0. From Bates and Aniatycki [3], we know that to eliminate this difficulty, cojc is 
restricted to a sub-distribution U of X defined by 

U = {u £ X \ uiic{u, v) = 0, V u G V n X}, 

where V is the distribution on Ad tangent to the orbits of G in Ad and is spanned by the 
infinitesimal symmetries. Clearly, U and V are both G-invariant, project down to Ad and 
Ttt/q - V = 0. Define X hy X = Tttiq -U. Moreover, we take that oou = tw ojm is the restriction 
of the symplectic form um on T*Xi fibrewise to the distribution lA, where Ty is the restriction 
map to distribution U, and the uoy pushes down to a non-degenerate distributional two-form 
on X, such that 10 *^ 00 = uoy- Because is non-degenerate as a bilinear form on each fibre of 
X, there exists a vector field Xjq on Ad which takes values in the constraint distribution X, such 
that the reduced distributional Hamiltonian equation holds, that is, = d/i£, where dhjQ 

is the restriction of dhj^ to X and hj^ ' = tm ' H is the restriction of LI to Ad. In 

addition, the vector fields and A^ are vr/G-rslated. Thus, the geometrical formulation of a 
nonholonomic reduced distributional Hamiltonian system may be summarized as follows. 

Definition 4.1 (Nonholonomic Reduced Distributional Hamiltonian System) Assume that the 
5-tuple {T*Q,G,u},D, H) is a D-completely and D-regularly nonholonomic Hamiltonian system 
with symmetry, where D C TQ is a D-completely and D-regularly nonholonomic constraint of the 
system, and D and H are both G-invariant. If there exists a distribution X, a non-degenerate dis¬ 
tributional two-form ujj^ and a vector field A^ on the constraint submanifold Ad = Ad/G, where 
Ad = FL{D) C T*Q, such that the reduced distributional Hamiltonian equation ix^W£ = dhj^ 
holds, where h is the reduced Hamiltonian, that is, S-tt/q = tm ■ H, then the triple {X,ujj^,h) is 
called a nonholonomic reduced distributional Hamiltonian system of the nonholonomic Hamilto¬ 
nian system with symmetry {T*Q, G, to, D, H), and Xj^ is called a nonholonomic reduced dynami¬ 
cal vector field of the nonholonomic reduced distributional Hamiltonian system {X,ujj^, h). Under 
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the above circumstances, we refer to {T*Q,G,uj,'D, H) as a nonholonomic reducible Hamiltonian 
system with an associated nonholonomic reduced distributional Hamiltonian system {}C,Uj^,h). 


Given a nonholonomic reducible Hamiltonian system with symmetry (T*Q, 0,00,7), H) with 
an associated nonholonomic reduced distributional Hamiltonian system {IC, ooj^, h), and using the 
non-degenerate reduced distributional two-form ojj^ and the nonholonomic reduced dynamical 
vector field Xj^, we can prove the following two types of Hamilton-Jacobi theorem for the 
nonholonomic reduced distributional Hamiltonian system {JC,ooj^,h). At hrst, using the fact 
that the one-form 'y : Q ^ T*Q is closed on H with respect to Tttq : TT*Q TQ, we can prove 
the Type I of geometric Hamilton-Jacobi theorem for the nonholonomic reduced distributional 
Hamiltonian system. For convenience, the maps involved in the following theorem and its proof 
are shown in Diagram-3. 


M > T*Q > Q ■ 


■T*Q- 


Xk 


^-!^T*QIG^ - M 


Xh 


]C t{T*Q) TQ T{T*Q) T{T*Q/G) 




T-y 


Xh 


Tttc 


Xk 


Ttt 


'/Gr 


Xf 


■ ic 


Diagram-3 


Theorem 4.2 (Type I of Hamilton-Jacobi Theorem for a Nonholonomic Reduced Distributional 
Hamiltonian System) For the nonholonomic reducible Hamiltonian system {T*Q,G,oo,D, H) 
with an associated nonholonomic reduced distributional Hamiltonian system {JC,ooj^,h), assume 
that 7 : Q —> T*Q is an one-form on Q, and Xjj = Tttq ■ Xh ■ 7, where Xh is the dy¬ 
namical vector field of the corresponding unconstrained Hamiltonian system with symmetry 

{T*Q,G,uj,H). Moreover, assume that Im{'y) C M, and it is G-invariant, Im{Tj) C /C, and 
7 = '■ Q T*QIG. If the one-form 7 : Q —)■ T*Q is closed on V with respect to 

Tttq : TT*Q —>■ TQ, then ^ is a solution of the equation T 7 • X'Jj = Xj^ ■ 7 . Here Xj^ is the dy¬ 

namical vector field of the nonholonomic reduced distributional Hamiltonian system {}C,ujj^,h). 
The equation T 7 • X]j = Xj^ ■ 7 , is called the Type I of Hamilton-Jacobi equation for the non¬ 
holonomic reduced distributional Hamiltonian system {X,ujj^,h). 

Proof: At first, from Theorem 3.4, we know that 7 is a solution of the Hamilton-Jacobi 

equation T 7 • Xjj = Xjc ■ 7. Next, we note that Im( 7 ) C A4, and it is G-invariant, lm(T 7 ) C K,, 
and hence Im(r 7 ) C IC, in this case, Tr*^ ■ ujj^ ' = " 7 / • ium = along Im(r 7 ). 

Thus, using the non-degenerate distributional two-form ujj^, from Lemma 3.3, if we take that 
V = Tj^-T tt IQ ■ Xh ■ 7 = Jfyg - ^ € 1C, and for any w G T, TX{w) ^ 0, and Tj^ ■ Tttiq ■ w ^ 0, then 
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we have that 


ujj^{T^ ■ Xjj, Tjc ■ Ttt/g ■ w) = uijciTjc ■ T{Tr/G ■ 7) ' ^h, ' Ttt/g ■ w) 

= ^/G • ‘^ic ■ w) = Tu-i%i- cviTj ■ X]^, w) 

= ru-i%i- uj{T{j ■ ttq) -Xh-I, w) 

= Tu-i*M - -1, w- r(7 • ttq) • w) - d-i{T'KQ{XH ■ 7), T'KQiw))) 

= Tu-i%i- oj{Xh - 7 , w)-Tu-i%i- oj{Xh ■ 7, 7^(7 ' ttq) • w) 

-Tu-i%- d-i{T'KQ{XH ■ 7), Tttq{w)) 

= ^/G • ^ic • - 7 , w)- -k*ig ■ ujjc ■ TjciXn ■ 7, 7^(7 • ttq) • w) 

-Tu-i*^- d-i{T-KQ{XH ■ 7), T'kq{w)) 

= ■ TiriGi^H ■ 7), ■ Ttt/g ■ w) - UJjciTjc ■ T-kig{Xh ■ 7), • r( 7 r/G • 7) • T-KQiw)) 

d-i{T-nQ{XH ■ 7), T'kq{w)) 

= ■ T-TT/Gi^H) ■ T^/ch), T-j^ ■ TtT/g ■ w) - • TTT/GiXn) ■ vr/G(7), t^-T7- Tttq{w)) 

-Tu-i%- d-i{T'KQ{XH ■ 7), T-kq{w)) 

= ^ici^lc - 7 , Ttt/g ■ w) - uij^iXi^ -7, Tj- T-KQiw)) - m ■ i%i ■ dj{T 7 rQ{XH ■ 7), Tirginj)), 

where we have used that Tj^-Tn jg{Xh )-7 = Tj^-X^X = ^£‘ 7 ) = T7, since Im(T7) C 

iC. If the one-form 7 : Q —>■ T *(5 is closed on TD with respect to Tttq : TT*Q TQ, then we 
have that d'^{T'KQ{XH ■ 7)1 T-ngivo)) = 0 , since -7, w e X, and T-ng{XH -7)^ T'Kg{w) G V, 
and hence 

d'y{T-Kg{XH ■ 7), TTrg{w)) = 0, 

and 

^£(^7 • ^H, T-jc ■ Ttt/g ■ w) - a;£(X£ -7, • Tttjg ■ w) = -ui^{Xj^ -7, Tj- T 7 rg{w)). ( 4 . 1 ) 

If 7 satisfies the equation T7 • Xjj = Xj^ ■ 7, from Lemma 3 . 3 (i) we know that the right side of 
( 4 . 1 ) becomes 

- 7 , T^- T'kq{w)) = -ujjc ■ t , c (^7 • X]j, • T7:g{w)) 

= - 7 *^K ■ Tici^T^Q ■XhX, TTTg{w)) 

= - 7 * ■ tt/g • ^ic • 'Tici^T^Q ■Xh- 7, T7rg{w)) 

= -7* -Tu-iX^- uj{T'Kg{XH • 7), T 7 rg{w)) 

= -TU ■ i*M ■ 7 *^{T'Kg{XH ■ 7), T-Kg{w)) 

= Tu-i%i- d'y(TTrg{XH ■ 7), T'Kg{w)) = 0 , 

where 7* ■ tu ■ ■ ^ = tu ■ ■ 7* ■ co, because Im(7) C A 4 . But, because the reduced distri¬ 

butional two-form u!/^ is non-degenerate, the left side of ( 4 . 1 ) equals zero, only when 7 satisfies 
the equation T7 • X^ = XjQ ■ 7. Thus, if the one-form 7 : Q —)> T*Q is closed on D with respect 
to Tttq : TT*Q —>■ TQ, then 7 must be a solution of the Type I of Hamilton-Jacobi equation 

r 7 -n = x^- 7 - ■ 

Next, for any G-invariant symplectic map e : T*Q T*Q, we can prove the following Type II 
of geometric Hamilton-Jacobi theorem for the nonholonomic reduced distributional Hamiltonian 
system. For convenience, the maps involved in the following theorem and its proof are shown in 
Diagram- 4 . 
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M > T*Q 




Xh; 


1C- 


TK 


T{T*Q) 



T*Q- 


'T/G 


T*QIG- 


■M 


Xh 


T{T*Q) 


Ttt 


'/G 


T{T*Q/G) 


■ ic 


Diagram-4 


Theorem 4.3 (Type II of Hamilton-Jacobi Theorem for a Nonholonomic Reduced Distribu¬ 
tional Hamiltonian System) For the nonholonomic reducible Hamiltonian system (T*Q, G, lo, D, H) 
with an associated nonholonomic reduced distributional Hamiltonian system {JC,ujjQ,h), assume 
that 7 : Q ^ T*Q is an one-form on Q, and A = 7 • ttq : T*Q —>■ T*Q, and for any G- 
invariant symplectic map e : T*Q —>■ T*Q, denote by Xfj = Tttq ■ Xh ■ e, where Xh is the 
dynamical vector field of the corresponding unconstrained Hamiltonian system with symmetry 
{T*Q,G,u}, H). Moreover, assume that Im{'y) C M, and it is G-invariant, Im{Tj) C /C, and 
7 = 7r/G(7) : Q T*Q/G, and A = tt/gW : T*Q_-^ T*Q/G, and e = TT/aie) : T*Q T*Q/G. 
Then e and e satisfy the equation T^-Te-X^.g = TX-Xh-£, if and only if they satisfy the equation 
T 7 • Xfj = XjQ ■ £. Here X^.^ is the Hamiltonian vector field of the function h-e : T*Q —>■ M, and 
XjQ is the dynamical vector field of the nonholonomic reduced distributional Hamiltonian system 
{ic, ujjQ, h). The equation Tj ■ Xfj = Xjq ■ e, is called the Type H of Hamilton-Jacobi equation for 
the nonholonomic reduced distributional Hamiltonian system {iC,ujj^,h). 

Proof: In the same way, we note that Im( 7 ) C Xi, and it is G-invariant, Im(T 7 ) C /C, 

and hence Im(r 7 ) C IC, in this case, Tr*^ • ujj^ • = tu ■ ojm = tu ■ • uj, along Im(r 7 ). 

Thus, using the non-degenerate distributional two-form oo^, from Lemma 3.3, if we take that 
V = Tj^ - Ttt IQ ■ Xh ■ £ = ■ £ £ iC, and for any w £ H, TX{w) 7 ^ 0, and • Tttiq ■ w ^ 0, then 

we have that 


Tic ■ Tn/G ■ w) = • r(7r/G • 7 ) ' • T-k/q ■ w) 

= ^/G • ^ic • TiciTj ■ Xfj, w) = Tu-iU- u{Tj ■ X%, w) 

= Tu-i*j^- Lo((T{-i ■ ttq) ■ Xh ■£, w) 

= ru -i*^- {uj{Xh ■£, w - T{j ■ ttq) ■ w) - d-f{T7rQ{XH ■ e), TTrqiw))) 

= Tu -iXi- uj{Xh ■£, w) - Tu uj{Xh ■£, TX ■ w) - Tu ■ i\^ ■ d'i{TT:Q{XH ■ e), Tt:q{w)) 

= ^*/G • ^ic ■ ■£, w)- t^*g ■ ^K. ■ ■£, TX-w) + Tu-i%i- X*uj{Xh ■ £, w) 

= ^iciTlc ■ TT/GiXH ■ e), Tj^ ■ Ttt/g ■ w) - • Ttig{Xh ■ e), Tj^ ■ T{Tr/G ■ X) ■ w) 

+ x*G ■ -Xh-e, TX-w) 

= ‘^iciTic ■ Ttt/g{Xh) ■ xig{£), Tji^ ■ Ttt/g • w) - u^{t^ • TTTiGiXn) ■ 7r/G(e), t^-TX-w) 

+ • ^^/G -TX-Xh ■£, Ti^- Ttig -TX-w) 

= <^iciXjc Tjc- Tx/g • w) - -Xh-E, TX-w)+ ujji;^{TX -Xh ■£, TX-w), 

where we have used that - Ttig{Xh) ■ £ = • £, and • Ttf/g - TX = TX, since 

Im(T 7 ) C IC. Note that £ : T*Q —>■ T*Q is symplectic, and e* = £* : T*{T*Q)/G —)• T*T*Q 

is also symplectic along e, and hence Xh-£ = TE-Xh.g, along e, and hence T^-Xh-£ = Tj^-TE-X^.g, 
along £. Then we have that 

■ Xfj, Tji^ ■ Ttt/g • w) - Wj^iXj^ ■£, • Ttt/g ■ w) 

= —ojj^{Tji. ■ Xh ■ £, TX - w) -\- ujiq{TX - Xh - £, TX-w) 

= ljj^{TX- Xh - £ - tj^-Te - Xh-e, TX-w). 
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Because the distributional two-form ojjQ is non-degenerate, it follows that the equation = 

XjQ ■ e, is equivalent to the equation T A • Xh - e = Tj^ -Te-X^.g. Thus, e and e satisfy the equation 
TA • Xh ■ £ = TjQ ■ Te ■ X^.g, if and only if they satisfy the Type II of Hamilton-Jacobi equation 

T^-xf, = Xf^-£. m 

For the nonholonomic reducible Hamiltonian system {T*Q,G,ui,'D, H) with an associated 
nonholonomic reduced distributional Hamiltonian system h), we know that the nonholo¬ 

nomic dynamical vector field Xic and the nonholonomic reduced dynamical vector field Xj^ are 
TT/Q-related, that is, Xj^ ■ t^/g — ‘ ^IC- Then we can prove the following Theorem 4.4, 

which states the relationship between the solutions of Type II of Hamilton-Jacobi equations and 
nonholonomic reduction. 

Theorem 4.4 For the nonholonomic reducible Hamiltonian system {T*Q,G,U!,'D, H) with an 
associated nonholonomic reduced distributional Hamiltonian system {JC,ujj^,h), assume that 7 : 
Q —^ T*Q is an one-form on Q, and X = ^ ■ ttq : T*Q —>• T*Q, and s : T*Q — T*Q is 
a G-invariant symplectic map. Moreover, assume that Im{'y) C A 4 , and it is G-invariant, 
Im{T^) C /C, and 7 = 7^/g{i) ■ Q T*Q/G, and A = tt/gW ■ T*Q —>■ T*Q/G, and e = 
■n iq{e) : T*Q —)• T^QjG. Then e is a solution of the Type H of Hamilton-Jacobi equation, 
T 7 • Xfj = Xic ■ £, for the distributional Hamiltonian system {X,ujic, H), if and only if e and e 
satisfy the Type H of Hamilton-Jacobi equation Tj ■ Xfj = Xj^ ■ e, for the nonholonomic reduced 
distributional Hamiltonian system {K,,ujjQ,h). 

Proof: Note that Im( 7 ) C A4, Im(T 7 ) C 1C, and hence Im(T 7 ) C iC, in this case, vr*^ • 

■ 'Tic = = m ■ i*M ■ along Im(r 7 ), and Tj^ ■ T^ = T^, ■ Xj^ = Xj^. Since 

nonholonomic vector field X/c and the nonholonomic reduced vector held Xj^ are vr/c-related, 
that is, Xj^ • tt/g = 2^7r/G ■ using the non-degenerate distributional two-form Wyg, we have 
that 


Tjc- Ftt/g • w) 

= u}j^{T^ ■ Xfj, Tj^ ■ Ttt/g ■ w) - ujj^iXj^ • e, • Ttt/g • w) 

= • ^7 • m ■ ^^/G • w) - ■ X^ • vr/G • e, • Ftt/g • w) 

= ^K. • '^K.iTT^iG ■ Tj ■ Xfj, Tvr/G Tj^iT-ir/G ■Xk.-e, Ttt/g ■ w) 

= ^/G • ■ Xfj, w) - M/g ■ uij^ ■ t^{Xk: ■ £, w) 

= Tu-i%i- uj{T'y ■ Xff, w) -Tu-iX^- uiiX/c ■ £, w). 

In the case we considered, tu ■ ■ u = tk. ■ ■ lv = ujfc ■ tk., and rjc-T-f = T-f, tjc- Xic = Xfc, 

since Im( 7 ) C A4, and Im(T 7 ) C /C. Thus, we have that 

-Xfj-Xi^-e, T^- Ttt/g ' w) 

= • TK.{T-i ■ X%, w) - UK.- TfziXfc ■ £, w) 

= ^/ciric ■ Tj ■ Xf^, Tic-w)- uj/ciTic ■ Xfc-e, tk.- w) 

= -Xfj -Xic-£, tk.- w). 

Because the distributional two-form lok and the reduced distributional two-form are non¬ 
degenerate, it follows that the equation T^-Xfj = Xj^-e, is equivalent to the equation T^-Xfj = 
Xk ■ £■ Thus, e is a solution of the Type H of Hamilton-Jacobi equation Ty • Xfj = Xk ■ £, for 
the distributional Hamiltonian system {X,ujk, H), if and only if e and e satisfy the Type H 
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of Hamilton-Jacobi equation T 7 • ■ e, for the nonholonomic reduced distributional 

Hamiltonian system {}C,iOjQ,h). ■ 

Remark 4.5 It is worthy of note that, since the nonholonomic reduced distributional Hamilto¬ 
nian system may not he a Hamiltonian system, then we can not describe the Hamilton-Jacobi 
equation for a nonholonomic reduced distributional Hamiltonian system from the viewpoint of 
generating function as in the classical case. Thus, the formulations of Type I and Type H of 
Hamilton-Jacobi equation for a nonholonomic reduced distributional Hamiltonian system, given 
by Theorem 4.2 and Theorem 4.3, have more extensive sense. On the other hand, if'j is a solu¬ 
tion of the classical Hamilton-Jacobi equation, that is, Xh -7 = 0 , then Xjj = Tttq ■ Xh -7 = 0, 
and hence from the Type I of Hamilton-Jacobi equation, we have that X^ ■ 7 = T^ ■ Xjj = 0. 
Because the classical Hamilton-Jacobi equation Xh -7 = 0, shows that the dynamical vector field 
of the corresponding unconstrained Hamiltonian system {T*Q,uj, H) is degenerate along then 
the equation Xj^X = 0 , shows that the dynamical vector field of the nonholonomic reduced distri¬ 
butional Hamiltonian system {IC,ujj^,h) is degenerate along 7 . The equation Xj^ - 7 = 0 is called 
the classical Hamilton-Jacobi equation for the nonholonomic reduced distributional Hamiltonian 
system {K.,ujj^,h). In addition, for a symplectic map e : T*Q T*Q, if Xh • e = 0, then from 
the Type H of Hamilton-Jacobi equation, we have that Xj^ ■ e = T^ ■ Xfj = 0. But, from the 
equation TX ■ Xh ■ e = Tj^ ■ Te ■ X^.g, we know that the equation Xj^ ■ e = 0 is not equivalent to 
the equation X^.g = 0. 


5 Nonholonomic Hamiltonian System with Symmetry and Mo¬ 
mentum Map 

As it is well known that momentum map is a very important notion in modern study of geomet¬ 
ric mechanics, and it is a geometric generalization of the classical linear and angular momentum. 
A fundamental fact about momentum map is that if the Hamiltonian H is invariant under the 
action of a Lie group G, then the vector valued function J is a constant of the motion for the 
dynamics of the Hamiltonian vector field Xh associated to H, that is, all momentum maps 
are conserved quantities. Moreover, momentum map has infinitesimal equivariance, such that 
it plays an important role in the study of reduction theory of Hamiltonian systems with sym¬ 
metries, see Marsden [27], Marsden et al. [28], and Marsden et al. [29]. Now, it is a natural 
problem what and how we could do, when the Hamiltonian system we considered has nonholo¬ 
nomic constrains, and the Lie group G is not Abelian, and G^ 7 ^ G, where is the isotropy 
subgroup of coadjoint G-action at the point // S g*, and hence the above procedure of nonholo¬ 
nomic reduction given in §4 does not work or is not efficient enough. In this section, we shall 
consider a nonholonomic Hamiltonian system with symmetry and momentum map, and give 
two types of Hamilton-Jacobi theorem of the nonholonomic reduced distributional Hamiltonian 
system with respect to momentum map. At first, we need to give carefully a geometric formu¬ 
lation of the J-nonholonomic reduced distributional Hamiltonian system, by using momentum 
map and the nonholonomic Marsden-Weinstein reduction. Now, we assume that the 6 -tuple 
{T*Q, G, uj, J, T>, H) is a ^-completely and D-regularly nonholonomic Hamiltonian system with 
symmetry and momentum map, and the Lie group G, which may not be Abelian, acts smoothly 
by the left on Q, its tangent lifted action on TQ and its cotangent lifted action on T*Q, and we 
assume that the action is free, proper and symplectic, and admits a Ad*-equivariant momentum 
map J : T*Q g*, where g is a Lie algebra of G and g* is the dual of g. Let // € g* be a 
regular value of J and denote by G^ the isotropy subgroup of the coadjoint G-action at the 
point /i € g*, which is defined by G^ = {g G G|Ad*/i = fi}. Since G^(c G) acts freely and 
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properly on Q and on T*Q, then acts also freely and properly on J~^(/x), so that the space 
{T*Q)^ = is a symplectic manifold with symplectic form uniquely characterized 

by the relation 

( 5 - 1 ) 

The map : J~^(;u) —)• T*Q is the inclusion and vr^ : {T*Q)^ is the projection. The 

pair is the Marsden-Weinstein reduced space of {T*Q,u}) at fi. 

Remark 5.1 Let (T*Q,uj) be a connected symplectic manifold, and J : T*Q q * a non- 
equivariant momentum map with a non-equivariance group one-cocycle a ; G —>• g*, which is 
defined by a{g) := J{g ■ z) — Ad*_i J{z), where g € G and z G T*Q. Then we know that a 
produces a new affine action 0 : G x g* —>■ g* defined by Q{g,fr) := Ad*_i /r + cr{g), where 
pL G g*, with respect to which the given momentum map J is equivariant. Assume that G acts 
freely and properly on T*Q, and Gfj, denotes the isotropy subgroup of p. € g* relative to this 
affine action 0 and pi is a regular value of J. Then the quotient space {T*Q)^ = J“^(/r)/G^ is 
also a symplectic manifold with symplectic form uniquely characterized by (5.1), see Ortega 
and Ratiu [35]. 

Assume that H : T*Q —)■ M is a G-invariant Hamiltonian, and the P-completely and Ir¬ 
regularly nonholonomic constraints P c TQ is a G-invariant distribution. From §2, in the same 
way given by Bates and 5niatycki in [3], by using the Legendre transformation J^L : TQ — T*Q, 
we can define the constraint submanifold Ad = TLfiD) C T*Q and the distribution iF which 
is the pre-image of the nonholonomic constraints "D for the map Tttq : TT*Q TQ, that 
is, F = {Tttq)~^{V), and 1C = F O TAd. Moreover, we can also define the distributional 
two-form ioic, a vector field Xjc and dHjc, such that = dHjc- Since V C TQ is a G- 

invariant distribution, and the Legendre transformation FL : TQ —>■ T*Q is a fiber-preserving 
map, then Ad = FL{'D) C T*Q is G-invariant. For a regular value /r G g* of the momentum 
map J : T*Q —>■ g*, we shall assume that Ad n / 0. Note that Ad is also G^(c G) 

action invariant, and so is because J is Ad*-equivariant. It follows that the quotient 

space Ad^ = (Ad n J~^(/r))/G^ C {T*Q)fj_, which is the G^-orbit in Ad n J”^(/r), is a smooth 
manifold with projection vr^ : Ad n J~^(/i) —>■ Ad^ which is a surjective submersion. Denote 
by iM^ ■ {T*Q)^, and ^bat is, the symplectic form is induced 

from the reduced symplectic form on {T*Q)^, where ; T*{T*Q)^ —)• T*Ad^. Moreover, 
the distribution F pushes down to a distribution F^ = Tvr^ • F on (T*Q)^, and we define 
n TAd^. Assume that is the restriction of the symplectic form oJMy. 

on T*Ad^ fibrewise to the distribution /C^ of the reduced constraint submanifold Ad^, where 
is the restriction map to distribution /C^. From the construction and the result in Bates and 
Aniatycki [3], we know that is non-degenerate, and we call as a reduced distributional 
two-form to avoid any confusion. Because is non-degenerate as a bilinear form on each fibre 
of /C^, there exists a vector field Xx,, on Ad^, which takes values in the constraint distribution 
such that the reduced distributional Hamiltonian equation holds, that is, if 

the admissibility condition dimAd^ = rankAjj and the compatibility condition TAd^nA))- = {0} 
hold, where F^ denotes the symplectic orthogonal of with respect to the reduced symplectic 
form and is the restriction of dhM^ to /C^, and h_M^ = tm,,, ■ h is the restriction of h 

to Ad^, and h is the reduced Hamiltonian function h : {T*Q)fj, —)• M defined by h ■ = H ■ i^. 

Thus, the geometrical formulation of the J-nonholonomic reduced distributional Hamiltonian 
system may be summarized as follows. 
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Definition 5.2 (3-Nonholonomic Reduced Distributional Hamiltonian System) Assume that the 
6-tuple {T*Q,G,ui,J,D,H) is a D-completely and D-regularly nonholonomic Hamiltonian sys¬ 
tem with symmetry and momentum map, where V C TQ is a D-completely and D-regularly 
nonholonomic constraint of the system, and D and H are both G-invariant. For a regular value 
H G g* of the momentum map J : T*Q —>■ g*, assume that there exists a distribution JC^, 
a non-degenerate reduced distributional two-form ojfz^ and a vector field on the reduced 
constraint submanifold = (At fl where A4 = TL{D), and M. fl / 0, 

and G^ = {g G G \ Ad*/i = /i}, such that the 3-nonholonomic reduced distributional Hamil¬ 
tonian equation ~ where is the restriction of d/i_A 4 ^ to K,^, and 

^ ts the restriction of h to M-fj,, and h is the reduced Hamiltonian function 
h : {T*Q)^ —)• M defined by h-ir^ = H-i^. Then the triple {K,fj,,uj]c^,h) is called a 3-nonholonomic 
reduced distributional Hamiltonian system of the nonholonomic Hamiltonian system with symme¬ 
try and momentum map {T*Q, G, tv, J, D, H), and is called a 3-nonholonomic reduced vector 
field, which is the dynamical vector field of the 3-nonholonomic reduced distributional Hamil¬ 
tonian system (/C^, ,/i). Under the above circumstances, we refer to {T*Q,G,uj,3,D, H) 

as a 3-nonholonomic reducible Hamiltonian system with an associated 3-nonholonomic reduced 
distributional Hamiltonian system (/C^, /i). 


Given a J-nonholonomic reducible Hamiltonian system with symmetry and momentum map 
{T*Q, G, uj, 3, D, H) with an associated J-nonholonomic reduced distributional Hamiltonian sys¬ 
tem {K,fj_,ujx.^,h), and using the non-degenerate reduced distributional two-form and the 
J-nonholonomic reduced dynamical vector field we can prove the following two types of 

Hamilton-Jacobi theorem for the J-nonholonomic reduced distributional Hamiltonian system 
(/C^, ,/i). At first, by using the fact that the one-form 7 : Q —)• T*Q is closed on D with 

respect to Tttq : TT*Q —)• TQ, we can prove the Type I of geometric Hamilton-Jacobi theorem 
for the J-nonholonomic reduced distributional Hamiltonian system. For convenience, the maps 
involved in the following theorem and its proof are shown in Diagram-5. 


J-1(/a) 




-r*Q- 

T{T*Q) 


Q - ^ T*Q -^ (r*Q)^ 







. ^ \ 


TQ ^ T(T*Q) — T{T*Q)^ JC^ 


Diagram-5 


Theorem 5.3 (Type I of Hamilton-Jacobi Theorem for a 3-nonholonomic Reduced Distribu¬ 
tional Hamiltonian System) For the 3-nonholonomic reducible Hamiltonian system {T*Q, G, lv, 3, 
D, H) with an associated 3-nonholonomic reduced distributional Hamiltonian system (/C^, h), 

assume that 7 : Q —)• T*Q is an one-form on Q, and Xjj = Tttq ■ Xh ■ 7, where Xh is 
the dynamical vector field of the corresponding unconstrained Hamiltonian system with sym¬ 
metry and momentum map {T*Q,G,uj,3,H). Moreover, assume that p. G g* is a regular 
value of the momentum map 3, and ImQf) C M. n J~^(/x), and that it is G^-invariant, and 
Ifj, = • Q and Im{T^^) C /C^. If the one-form 7 : Q ^ T*Q is closed on D with 

respect to Tttq : TT*Q —>■ TQ, then 7 ^ is a solution of the equation T 7 ^ • Xj^ = • 7 ^. Here 

is the dynamical vector field of the 3-nonholonomic reduced distributional Hamiltonian sys¬ 
tem {K,^,uj]c^,h). The equation Tj^ ■ Xjj = X^.^ ■ 7 ^, is called the Type I of Hamilton-Jacobi 
equation for the 3-nonholonomic reduced distributional Hamiltonian system (A^, wa:^, h). 


20 















Proof: At first, from Theorem 3.4, we know that 7 is a solution of the Hamilton-Jacobi 

equation T 7 • Xjj = X/c ■ 7 . Next, we note that Im( 7 ) C A4 n and Im(T 7 ^) C /C^, in 

this case, w/c^ • = r/c^ • along Im(r 7 ^), and 7 r*a;^ = i*^uj = w, along 

Im( 7 ). Thus, using the J-nonholonomic reduced distributional two-form from Lemma 3.3, 
if we take that v = • Ttf^ • Xh ■ 7 = Xfc^ ■ 7 /^ £ and for any w € T, TX(w) ^ 0, and 

■ TiTfj, ■ w 0, then we have that 

• Xjj, TK^ ■ Tvr^ • -w) = uJK^iTK^ ■ ■ Xjj, tk.^ ■ Ttt^ • w) 

= T/c^ • ojm^{T{-k^ ■ 7) • Ttt^ • w) = tk.^ ■ i*M^ ■ uj^{Tn^ ■ Tj ■ X]^, Ttt^ ■ w) 

= • T-kq -Xh-I, w)= t/c^ • ■ uj{T{j ■ ttq) - Xh -J, w) 

= - 7 , w-T{j- ttq) ■ w) - dj{T 7 TQ{XH ■ 7), TTTqiw))) 

= - 7 , w)- T/c^ • • ttIuj^{Xh ■ 7, ^(7 • ttq) • w) 

- TIC,. ■ ■ d'y{T'KQ{XH ■ 7), T'Kq{w)) 

= ■ ‘^f^iT-K^{XH ■ 7), Ttt^-w)- tjc^ ■ i*j^^ ■ uj^iTiTf, ■ {Xh ■ 7), T{TTf, ■ 7) • r7rQ(n;)) 

- ■ f^l{T 7 TQ{XH ■ 7), T-Kq{w)) 

= T-k^ ■ w) - Ttc^ ■ i*M^ ■ U)f,iXh ■ %, ■ T-KQiw)) 

- ■ ^i{T'kq{Xh ■ 7), T-kq{w)) 

= ^k^{tk^ ■ Xh ■ 7 m> 'tk.^ ■ TiTh ■ w) - a;/c^(T/c^ • Xh ■ >> ' ^ 7 /. • Tttq{w)) 

- ■ ^i{T'^q{Xh ■ 7), T-kq{w)) 

= ujk^{Xk.^, ■ Ttc^ ■ Ttt^ ■ w) - ujk.^{Xk.^ ■ >, ■ TTrqiw)) 

- TIC,, ■ i*M^ ■ d'y{T'Kq{XH ■ 7), Tnqiw)), 

where we have used that and tk.^ ■ Xh ■ ■ 7 ^^ s™ce Im(r7^) C K.^. 

If the one-form 'y : Q ^ T*Q is closed on D with respect to Tnq : TT*Q TQ, then we have 
that d7(r7rQ(AH -7), T7rq{w)) = 0 , since Xh • 7 j w ^ X, and T-Kq{XH ■ 7), T-Kq{w) G T>, and 
hence 

■ ^7{T'^q{Xh ■ 7), T'Kq{w)) = 0, 

and 


^lc^iT7h ■ X]j, tk.^ ■ T-Kf, ■ w) - (Vjc^iXjc^ ■ 7 ^, TK^ • Ttt^ • w) 

= -‘^ic^iXic^ ■ %, T 7 ^ ■ Tnqiw)). (5.2) 

If 7 ^ satisfies the equation T 7 ^ • Xjj = Xjc^ ■ 7 ^, from Lemma 3.3(i) we know that the right side 
of (5.2) becomes 

-ujk^{Xk^ • 7m, t/c^ • ■ Tnqiw)) = -u}jc^{T 7 ^ ■ X]^, • Tnq{w)) 

= -w/c^(T/c^r7^ • X]j, T/c^ • r 7 ^ • Tnq{w)) 

= ■ ^m(^ 7 m • X]j, T7^ • r7rQ(n;)) 

= ■ i*M^ ■ 7m • -Xh -7, Tnq{w)) 

= • 7* • TT* • Wm(^^Q ■Xh- 7, Tnqiw)) 

= -TIC,, ■ i*M^ ■ 7 *‘^iTTrqiXH ■ 7 ), Tnqiw)) 

= TlCf. ■ ■ d'fiTnqiXn ■ 7 ), Tnqiw)) = 0 . 


21 


But, because the J-nonholonomic reduced distributional two-form is non-degenerate, the 
left side of (5.2) equals zero, only when 7 ^ satisfies the equation • Xjj = ■ 7 ^. Thus, if 

the one-form 7 : Q —> T*Q is closed on T> with respect to Tttq : TT*Q TQ, then 7 ^ must be 
a solution of the Type I of Hamilton-Jacobi equation • Xjj = • 7 ^. ■ 


Next, for any G^-invariant symplectic map e : T*Q T*Q, we can prove the following 
Type II of geometric Hamilton-Jacobi theorem for the J-nonholonomic reduced distributional 
Hamiltonian system. For convenience, the maps involved in the following theorem and its proof 
are shown in Diagram- 6 . 




T*Q > Q -^ T*Q -^ (r*Q)^ Mf, 




h.fj, 


Xh 






, ■^'C„ ' 


TiT*Q) ^ TQ ^ T{T*Q) — T{T*Q)^ 


Diagram -6 


Theorem 5.4 (Type II of Hamilton-Jacobi Theorem for a J-nonholonomic Reduced Distribu¬ 
tional Hamiltonian System) For the J-nonholonomic reducible Hamiltonian system {T*Q, G, uj, J, 
T>, H) with an associated J-nonholonomic reduced distributional Hamiltonian system (/C^, h), 

assume that 7 : Q ^ T*Q is an one-form on Q, and A = 7 • ttq : T*Q —>■ T*Q, and 
for any symplectic map s : T*Q —>• T*Q, denote by Xf^ = Tttq ■ Xh ■ £, where Xh is the 
dynamical vector field of the corresponding unconstrained Hamiltonian system with symmetry 
and momentum map {T*Q,G,uj,J,H). Moreover, assume that ^ g* is a regular value of 
the momentum map J, and Im(^) C AJ n J“^(/i), and that it is Gfj,-invariant, and e is G^- 
invariant and e{J~^{pfj) C J~^(/a). Denote by 7 ^ = 7 r^( 7 ) ; Q —>■ and Im{T^^j) C /C^, and 

V ~ T*Q) —)• and = vr^(e) : J“^(/u)(c T*Q) —>■ A4^. Then e and 

£fj_ satisfy the equation • T£{Xh-e,j) = • Xh ■ e, if and only if they satisfy the equation 

T 7 ^ • Xfj = • e^. Here is the Hamiltonian vector field of the function h-e^ : T*Q ^ W, 

and Xjc^ is the dynamical vector field of the J-nonholonomic reduced distributional Hamiltonian 
system ,/i). The equation T^^-Xfj = X^.^ -efj,, is called the Type H of Hamilton-Jacobi 

equation for the J-nonholonomic reduced distributional Hamiltonian system {Xfj,,ujx.^,h). 

Proof: At first, we note that Im( 7 ) C A4n and Im(T 7 ^) C X^, in this case, = 

'TK.,, ■ OJM,, = rjc,, ■ i*M^ ■ W/x, along Im(r 7 ^), and 7r*a;^ = = to, along Im( 7 ). Thus, using 

the J-nonholonomic reduced distributional two-form from Lemma 3.3, if we take that 

u = • Ttt^ ■ Xh ■ £ = X^^ • G X^, and for any w e H, TX{w) / 0, and • Ttt^ • tc / 0, 
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then we have that 


■ Xfj, T/c^ • Ttt^ • -w;) = w/c^(t/c^ ■ T-/^ • Xf^, r/c^ • Ttt^ • w) 

= tk.^ ■ ujM^{T{TTf, ■ 7 ) • Xfj, T-iTf, ■ w) = tk.^ ■ ■ Uf.iT'K^ ■ T-f ■ Xfj, Ttt^ ■ w) 

= 'TiCi, ■ i*M^ ■ 7 r * W ;,( r 7 • Tttq -Xn-e, w) = tk.^ ■ ■ u}{T{j ■ ttq) ■ Xh ■ e, w ) 

= Tic^ ■ iM^ ■ (^{Xh • e, w-T{-f ttq) • w) - d'y{TTTQ{XH ■ e), T'KQiw))) 

= • ^(Xh ■£, w)- ■ U}{Xh ■£, TX-w) 

- • '^*M^ ■ d-fiTiTQiXH ■ £), TTTQiw)) 

= ■ i*M^ ■ 7r*uJt^{XH ■£, w)- r/c^ • ■ 7r*u f,{XH ■ £, TX-w) 

+ '^ic^ ■ ■ Xoj{Xh ■ e, w) 

= ■ oj^,{T-k^{Xh ■ e), T-k^ ■ w) - r/c^ • ■ {Xh ■ e), T{-n^ ■ X) ■ w) 

+ T!C^ ■ ■ ^^li^^l{TX -Xn-e, TX- w) 

= 'TK.^ ■ iM^ ■ w^{T-k^{Xh) ■ TT^ie), Ttt^ • w) - tk.^ ■ i*M^ ■ w^{Ttt^{Xh) ■ TX^-w) 

+ - TX- Xh ■£, Ttt^-TX-w) 

= Tic^ ■ ■ ^ti{Xh ■ £,,, TTTf, ■ w) - tk.^ ■ ■ uj^{Xh ■ TX^-w) 

+ -Xn-e, TX^-w) 

= • Xh ■ £h, Tjc^ ■ Ttt^ ■ w) - ojk.^{tk.^ ■ Xh ■ e^, t/c^ • • w) 

+ ■ TXfj, ■ Xh ■ £, Tjc^ • TX^ ■ w) 

= i^ic^iXic^ ■ £^, r/c^ -Ttt^-w)- wk.^{tk.^ ■ Xh ■ e^, TX^-w) 

+ - Xn-e, T\ ■ w), 

where we have used that = Tj^, and tjc^ ■ Xh- £/_, = Xjc^ - 8^,, since Im(T 7 ^) C /C^. 

Note that s : T*Q —>■ T*Q is symplectic, and 7r*w^ = i*^oj = w, along Ini( 7 ), and hence 
£h = 7r^(e) : T*Q (T*Q)^ is also symplectic along Im( 7 ), and hence Xh - ~ ' Xh-e^,: 

along £fj,, and hence - Xh ■ = tic^ ■ TXfj, - Xh-g^, along £^, because Im(r 7 ^) C /C^. Then we 

have that 

‘-^IC^iTXh • 

= -^ic^iTK.,, ■ Xh ■ £h, T\ - w) +UJ]C^{TX^ ■ Xh ■£, TX^ - w) 

= ^Ki,{TXfj_ - Xh ■ £ - tk.^ • TE^ - Xh-e^, TX^ - w). 

Because the distributional two-form ojx.^ is non-degenerate, it follows that the equation • 
Xjj = Xic^ - Efj.-, is equivalent to the equation TA^ • Xh ■ £ = • TE^ - Xh-g^- Thus, e and 

satisfy the equation TA^ • Xh ■ £ = - TE^ - Xh-g^, if and only if they satisfy the Type II of 

Hamilton-Jacobi equation • X|^ = • e^. ■ 

Remark 5.5 If the reducible Hamiltonian system we considered has not any constrains, in this 
case, the J-nonholonomic reduced distributional Hamiltonian system is just the regular point 
reduced Hamiltonian system itself. From the above Type I and Type H of Hamilton-Jacobi 
theorems, that is. Theorem 5.3 and Theorem 5.4, we can get the Theorem 3.3 and Theorem 3.4 
in Wang [fS]. It shows that Theorem 5.3 and Theorem 5.4 are the generalization of two types 
of geometric Hamilton-Jacobi theorem for the regular point reducible Hamiltonian system given 
in [ 43 ] to the nonholonomic context. 
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Remark 5.6 It is worthy of note that, in general, the dynamical vector field of the J -nonholonomic 
reducible Hamiltonian system may not be Hamiltonian, and the J -nonholonomic reduced distri¬ 
butional Hamiltonian system is not yet a Hamiltonian system, and hence we can not describe 
the Hamilton-Jacobi equation for a J-nonholonomic reduced distributional Hamiltonian system 
from the viewpoint of generating function as in the classical case. Thus, the formulations of 
Type I and Type H of Hamilton-Jacobi equation for a J-nonholonomic reduced distributional 
Hamiltonian system, given by Theorem 5.3 and Theorem 5.4, have more extensive sense. On 
the other hand, if j is a solution of the classical Hamilton-Jacobi equation, that is, Xh -7 = 0, 
then Xjj = Tttq ■ Xh -7 = 0, and hence from the Type I of Hamilton-Jacobi equation, we have 
that • 7 ^ = Tfi^ ■ X]j = 0. Because the classical Hamilton-Jacobi equation Xh -7 = 0, 
shows that the dynamical vector field of the corresponding unconstrained Hamiltonian system 
{T*Q,uj,H) is degenerate along 7 , then the equation • 7 ^ = 0, shows that the dynamical 
vector field of the 3-nonholonomic reduced distributional Hamiltonian system /i) is de¬ 

generate along 7 ^. The equation Xjc^ - 7 ^ = 0 called the classical Hamilton-Jacobi equation for 
the 3-nonholonomic reduced distributional Hamiltonian system {}Cf^,u}jc,,,h). In addition, for a 
symplectic map e : T*Q T*Q, if Xh • e = 0, then from the Type H of Hamilton-Jacobi equa¬ 
tion, we have that Xjc^-Efj, = T^^-Xfi = 0. But, from the equation TX^-Xh ■£ = rye,,-X/j.^^, 
we know that the equation Xye,, • = 0 is not equivalent to the equation X^.g^ = 0. 

Remark 5.7 If {T*Q,co) is a connected symplectic manifold, and 3 : T*Q q* is a non- 
equivariant momentum map with a non-equivariance group one-cocycle a : G ^ q* , in this 
case, we can also define the 3-nonholonomic reducible Hamiltonian system {T*Q,G,uj,3,V, H) 
with an associated 3-nonholonomic reduced distributional Hamiltonian system {lC^,oj]c^,h), and 
prove the Type I and Type H of the Hamilton-Jacobi theorem for the 3-nonholonomic reduced 
distributional Hamiltonian system h) by using a similar way as above, in which the 

reduced space {{T*Q)^,uj^) is determined by the affine action given in Remark 5.1. 

For the J-nonholonomic reducible Hamiltonian system (T*Q,G,U!,3,T>,H) with an associ¬ 
ated J- nonholonomic reduced distributional Hamiltonian system (/C^, wye,,, h), we know that 
the dynamical vector fields Xh and Xy, are vr^-related, that is, Xy, • tt^ = Tvr^ • Xh ■ ifi- Then 
we can prove the following Theorem 5.8, which states the relationship between the solutions of 
Type H of Hamilton-Jacobi equations and J-nonholonomic reduction. 

Theorem 5.8 For the 3-nonholonomic reducible Hamiltonian system {T*Q,G,u},3,T>,H) with 
an associated 3-nonholonomic reduced distributional Hamiltonian system (/C^, wyc,,, h), assume 
that 7 : Q —)• T*Q is an one-form on Q, and A = 7 • ttq ; T*Q —)• T*Q, and e : T*Q —)• T*Q is a 
symplectic map. Moreover, assume that fj, € q* is a regular value of the momentum map 3, and 
Im{'y) C Mn3~^(/j,), and that it is G^-invariant, and e is G^-invariant and e(J~^(//)) C J~^(/i). 
Denote by 7 ^ = 7 r^( 7 ) : Q -> M^, and Im{T^fj) C K,^, and = 7 r^(A) : J"^(//)(c T*Q) 
{T*Q)^, and = 7 r^(e) : J“^(/x)(c T*Q) — {T*Q)^. Then £ is a solution of the Type H of 
Hamilton-Jacobi equation Tj-Xf^ = Xjc-e, for the distributional Hamiltonian system (/C, uJic,H), 
if and only if s and satisfy the Type II of Hamilton-Jacobi equation Tfi^ ■ Xf^ = Xic^ ■ e^, for 
the 3-nonholonomic reduced distributional Hamiltonian system (X^, wyc,,,/i). 

Proof: Note that Im( 7 ) C and Im(T 7 ^) C X^, in this case, uyyc,,-rye,, = = 

and Tr*ujf, = i^u) = u, along Im( 7 ), and ryc„ • T^^, = Tfi^, 
and ■ Xh = Xyc;,,. Since the dynamical vector helds Xh and X^ are vr^-related, that is, 
Xh • V) using the J-nonholonomic reduced distributional two-form cay^,,, we have 


24 


that 


■ Xjj - X/c^ • e^, TK.^ ■ Ttt^ ■ w) 

= ■ Xfj, r/c^ • Ttt^ • w) - UK,^{Xtz^ • tk.^ ■ Ttt^ ■ w) 

= ■ Xfj, Tfc^ ■ T-Kf, ■ w) - wk;^(t/c^ • X/* • tt^ • e, ■ Ttt^ ■ w) 

= ■ Tj ■ Xfj, T-k^ ■ w) - cj/c^ • r^^(r7r^ ■ Xh ■ e, Ttt^ • w) 

= • ^7 • X%, Ttt^ ■ w) - tk.^ ■ i*M^ ■ ujf,{T7Tf, -Xh -e, Ttt^ ■ w) 

= -X^h, w)- tk.^ ■ ■ 7r*ujf,{XH ■ £, w) 

= Tic^ ■ w) - tk^ • iM^ ■ uj{Xh ■£, w). 

In the case we considered, tk^ ■ ■ u = Tjc ■ ■ u = ujjc ■ Tjc, and rjc-T-f = T'y, tk.- Xh = Xjc, 

since Im( 7 ) C M., and Im(r 7 ) C X. Thus, we have that 

w/c^(r 7 ;. • Xfj - X/c^ • e^, T/c^ • Ttt^ • w) 

= • t/c(T 7 • X|f, ui) - w/c • tk.{Xh ■ e, w) 

= uj]c{tk. ■ T 7 • X|f, Tic-w) - uj!c{tk ■ Xh ■£, r/c • w) 

= ^ic{Tj ■ Xfj, Tic-w) - ui/ciXic • e, tk. ■ w) 

= ^k.{Ti ■ X% - Xfc- £, Tfz- w). 

Because the distributional two-form ui/c and the reduced distributional two-form are non¬ 
degenerate, it follows that the equation T 7 ^ • X|^ = X^^ • e^, is equivalent to the equation 
T^-X^ = XjQ-e. Thus, e is a solution of the Type II of Hamilton-Jacobi equation T^-Xfj = X^-e, 
for the distributional Hamiltonian system {X,uiic, H), if and only if e and satisfy the Type H 
of Hamilton-Jacobi equation Tq^-XI^ = X^^ -e^, for the J-nonholonomic reduced distributional 
Hamiltonian system h). ■ 

6 Applications 

In this section, in order to illustrate the Hamilton-Jacobi theory for the nonholonomic reducible 
Hamiltonian system with symmetry, we shall discuss the following two examples: (1) the motion 
of constrained particle in space (2) the motion of vertical rolling disk. These two examples 
are classical in the theory of nonholonomic mechanical systems. We shall follow the notations 
and conventions introduced in Bates and .Sniatycki [3], Bloch [4], Jotz and Ratiu [16], and 
Wang [43]. 

6.1 The constrained particle in 

In this subsection, we consider the motion of constrained particle in space and obtain 
explicitly the motion equations and the Type I and Type H of Hamilton-Jacobi equations of 
this problem. The configuration space of motion of the constrained particle in space is Q = M^, 
whose coordinates are denoted by g = (x, y, z), its velocity space is TM^, and the phase space is 
T*M^ with canonical symplectic form uj = dx A dp^, -|- dy A -|- d^; A dp^,. The constraints on 
the velocities are given by 

T> = {{x,y,z,Vx,Vy,v^) G TR^\ = a{y)va:}, 

where a{y) is a smooth function. For any q € Q, T>{q) = Spanjda, -|- a{y)dz, dy}. Note that 

[dx + (T{y)dz, dy] = [dx, dy] + [c7{y)d^, dy] = a'{y)dz, 
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which is nonzero everywhere if (T'{y) 7^ 0, then V is nonholonomic and it is completely non- 
holonomic, that is, V along with all of its iterated Lie brackets ['D,'D],['D,['D,'D]], ■ ■ ■ spans 
the tangent bundle TQ. The Lagrangian L : TM^ —)■ M is the kinetic energy of the Euclidean 
metric of that is, L = which is simple and it is hyperregular, and hence 

the system is P-regular automatically. The momenta are Px = ^ = Vx, Py = ^ ^ind 

Pz = ^ = Vz = (y{y)pxi and the Hamiltonian H : r*M^ M is given hy H = + Py +pl)- 

The unconstrained Hamiltonian vector held is Xh = Pxdx+Pydy +Pzdz- By using the Legendre 
transformation 


FL : TR^ r*M^, FL{x,y, z,Vx,Vy,Vz) = {x,y, z,px,Py,Pz), 
the constraint submanifold Ai = FL{'D) is given by 


M = {{x,y,z,px,Py,Pz) G T*Q\ pz = CF{y)px]. 

Moreover, dehne F = (r7rg)“^(T>), and the compatibility condition TM. fl F-^ = { 0 } holds, 
where F'^ denotes the symplectic orthogonal of F with respect to the canonical symplectic form 
Lo. Then the distribution 

/C = Fr^TM = spanjS^, + a{y)dz,dy,dp^,dpy}. 

The induced two-form um = • oj is given by 

UJM = dx A dpx +dy A dpy -h dz A {pxCr\y)dy + a{y)dpx), 

and the non-degenerate distributional two-form is u/c = tic ■ ujm . A direct computation yields 

= (1 + (^^{y))dPx + cr{y)a'{y)pxdy, = ^Py - <T'{y)Pxdz, 

= -(T{y)dz - dx, = -dy, 

and 


diL^ = Pxdpx+Pydpy -h a{y)a'{y)pldy + a‘^{y)pxdpx 
= (^{yW{y)pldy (1 -h cr‘^{y))Pxdpx +Pydpy. 

Assume that X^c = Xi{dx + a{y)dz) + X 2 dy + X^dp^ + X^dp^, then we have that 

+ o-^(y))dpx -h a{y)a'{y)pxdy) 

+ X 2 {dpy - a'{y)pxdz) -h Xii{-a{y)dz - dx) -h Xi{-dy) 

= (-^3)dx -h {a{y)a'{y)pxXi - X 4 )dy 
+ {-cr'{y)pxX2 - cr{y)X3)dz -h (1 -h a‘^{y))Xidpx -h X2dpy. 

From the equation of distributional Hamiltonian system ix/c^K. = dHjc, we have that 

Xi = Px, X 2 = Py, A3 = 0, A4 = 0. 

Hence, the nonholonomic vector held is Xjc = Px{dx + (T{y)dz) +Pydy, and the motion equations 
of the distributional Hamiltonian system {X,ujic, H) are expressed as 

x=Px, y =Py, z = cr{y)px, Px = 0, Py = 0. 
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In the following we shall derive the Type I and Type II of Hamilton-Jacobi equations for the 
distributional Hamiltonian system {}C,uJic, H). Assume that 

7 : ^ T*R^, '^{x,y,z) = (71,72,73,74,75,76), 

and A = 7 • ttq : T*M^ —)■ T*M^ given by 


Hx,y,z,Px,Py,Pz) = (Ai, A 2 , A 3 , A 4 , As, Ae) 

= 7 • T^Q{x,y,z,px,Py,Pz) = l{x,y,z) 

= (71 • ttq, 72 • VTQ, 73 • ttq, 74 • VTq, 75 • TTq, 76 • ttq). 


that is, Xi = 'ji ■ ttq, i = 1 , ■ ■ ■ , 6 , where Aj, i = 1, • • • ,6, are functions on T*M^, and 7*, i = 
1 , • • • ,6, are functions on We may choose q = {x,y,z) G such that 71 (g) = x, 72(9) = 
y, 73(g) = and jig) = 'yi{q)dx + -f5{q)dy + -fQ{q)dz. Note that V{q) = Spanj^^,-Ff 7 (y)( 92 , dy}, 
take that a = dx + o'{y)dz and /3 = dy, then we have that 


d 7 (a,/ 3 ) 


«( 7 (/ 3 )) - / 3 ( 7 (a)) - 7 ([a, P]) 


<975 

5 a: 


574. , ,.576 


<975 

5 ^; 


) - 2 <T'(y) 76 . 


Thus, when d'y{a,(3) = 0 , we know that for any v,w € T, and Tttq{v), T'Kq{w) G P, then 
d7(r7rg(u),T7rQ(u))) = 0 , that is, 7 is closed on V with respect to Tvrg : TT*M.^ —>■ TM^. Note 
that Im{'y) C Ad, then px = 74, Py = 'Jb Pz = 76 and 76 = a{y)'y4, and hence 

H ■-f = ^((1+ fT2(y))74+75), 


Xh • 7 = 745a; -I- 755y a{y)'y 4 dz = X/c • 7, 

X]j = T'kq ■ Xh ■ 1 = 745 x + 759 y + <T(y) 745 ^. 

Thus, T7 • = Xfz • 7, that is, the Type I of Hamilton-Jacobi equation for the distributional 

Hamiltonian system {X,u}ic, H) holds trivially. 


Now, for any symplectic map e : T*]R^ —>■ T*]R^, from io = £*lo = uj ■ e = {dx£ ■ dp^£)dx A 
dpx + {dy£ ■ dpy£)dy A dp^^ -|- ( 5 ^e • dp^£)dz A dp^, we have that 

5 a;e- 5 p^e = l, dy£ ■ dp^e = 1 , 5 ^e- 5 p^e = l. 

Denote by £{x,y, z,Px,Py,Pz) = (^i, ^2, £3, £4, £5, ^ 6 ), then we have that 

H ■ £ = -(e| + £5 + Se), 


and 


and hence 


Xh ■£ = sA + Sbdy + £&dz, 

Xf[ = TtTq ■ Xfj ■ £ = e45a; -)- £^dy + £%dz- 
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Since Im{'y) C M, then 


Tj ■ Xfj = Sidx + e^dy + a{y)e^dz 

= £A{dx + ( 7 {y)dz) + e^dy = X/c-e, 

because Sq = a{y)£4. In the same way, note that A = 7 • ttq, and Im{X) C Xi, then 

TX- Xh ■£ = EaQx + e^dy + cr{y)£Adz = X/c • e. 

On the other hand, since e : T*Q T*Q is symplectic, we have that 


tjc-Te ■ Xh-c = tk ■ Xh ■ £ 

= e^dx + e^dy + cr{y)£idz = X^:- £. 

Thus, T'y-Xjj = Xjc-e = TX-Xh-£ = tjc-Ts-Xh-e- In this case, we must have that e is a solution 
of the Type II of Hamilton-Jacobi equation T7 • X^ = • e, for the distributional Hamiltonian 

system (X, iOic,H), if and only if it is a solution of the equation TX ■ Xh ■ e = tjc -Te ■ Xn-e- 

Next, we consider the action of Lie group G = on R^, and derive the motion equations and 
the Type I and Type H of Hamilton-Jacobi equations of the nonholonomic reduced distributional 
Hamiltonian system. At hrst, the action of Lie group G = R^ on R^ is given by 

: G X R^ R^, $((r, s), (x, y, z)) = {x + r,y,z + s), 

and we have the cotangent lifted G-action on T*R^, such that the Hamiltonian H : T*R^ —>■ R 
is G-invariant. Therefore, 

M = {(y,Px,Py,Pz) € T*rVG| p^ = a(y)px;}, 

and the distribution X = span{(l -|- a‘^{y))dy — (x{y)(T'{y)pxdp^,dpy}, and the non-degenerate 
distributional two-form is given by 

cjyg = dx A dpx: + dy ^ dpy dz A {pxH'{y)dy a{y)dpx). 

A direct computation yields 

\i+<T‘^{y))ay-a{y)a'{y)p^dp,^K: = (T{y)a'{y)px,dx - a'{y)px,dz (1 a‘^{y))dpy, = -dy 

and 

d/i£ = diL/c = a{y)a'{y)pldy -h (1 + a'^{y))pxdpa, + Pydpy. 

Assume that X^ = Xi((l -|- a‘^{y))dy — (x{y)o''{y)pxdp^) + X2dpy, then we have that 

= Xi{a{y)a'{y)pxdx - a'{y)pxdz -h (1 + a'^{y))dpy) - X 2 dz 

= iXia{y)a'{y)px)dx + {-X2)dy + {-Xia'{y)px)dz -|- (Xi(l -h a‘^{y)))dpy. 

From the nonholonomic reduced distributional Hamiltonian equation = d/i£, we have 

that Xi =0, X2 = —a{y)a'{y)p^. Hence, we get that the nonholonomic reduced vector field is 
XjQ = —cr{y)a'{y)p‘^dpy , and the motion equations of the nonholonomic reduced distributional 
Hamiltonian system (X,a;£,/i) are expressed as 

y = 0, px = 0, py = -a-{y)a'{y)pl. 
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In the following we shall derive the Type I and Type II of Hamilton-Jacobi equations of 
the nonholonomic reduced distributional Hamiltonian system h). Assume that 7 : —>■ 

T*M^, and A = 7 • vrg : T*M^ —)■ and Im(7) C AJ, and it is G-invariant, Im(T7) C 1 C, 

then we have that 7 = TT/ch) ■ 1 ^^ ^{x,y,z) = (70,71,72,73), and A = 7r/G(A) : 

T*M.^ r*M 3 /G, \{x,y,z,p^,py,pz) = (Aq, Ai, A2, A3), that is, Aj = 7* -ttq, i = 0, • • • , 3 , where 

Aj, i = 0 , • • • , 3 , are functions on T*]R^, and 7*, i = 0 , • • • , 3 , are functions on Note that 
h ■ -KIQ = • H, since Im{'y) C AJ, and it is G-invariant, we have that Im{^) C Aj, and 

73 = o'(y)7i, and hence 

h-j = + + 

and 

Xh-i = i2dy - a{y)a' {y)ildpy. 

When d7(a, /3) = 0, that is, 7 is closed on V with respect to Tttq : TT*M.^ TM^, we have that 

T7 • Ay = • A/, • 7 = -cr{y)a\y)^jdpy = • 7, 

that is, the Type I of Hamilton-Jacobi equation for the nonholonomic reduced distributional 
Hamiltonian system {lC,coj^,h) holds. 

Now, for any G-invariant symplectic map e : T*M^ ^ T*M^, e = Tr/cie) : T*M^ ^ r*M^/G, 
is given by e{x,y,z,px,Py,Pz) = (eo,£i,e2,e3), then we have that 

h ■ e = -((1 -I- a'^{y))£‘l -|- e^), 

and 

Xh-£ = £2dy - a{y)a' {y)£ldpy. 

Because Im{^) C M, and Im{Tj) C A, and hence 

Ty • Ay = • Aft • e = -(7{y)a'{y)£ldpy = • A 

Note that A = 7 • ttq, and Im(X) C Ai, and Im{TX) C A, then we have that 

TA • Xh ■ £ = TjQ- A/j • £ = XjQ ■ £. 

On the other hand, since £ : T*M^ —>■ T*M.^ is symplectic, and £* = £*■ vr*^ : T*(T*M^)/G —>■ 
T*T*M^ is also symplectic along e, then we have that 

■ Xh-£ = Tjc ■ Xh ■ £ 

= {y)eldpy = A^ • e. 

Thus, T7 • Ay = XjQ ■£ = T\- Xh ■ £ = • Te • Xh-g- In this case, we must have that e and e are 

the solution of the Type H of Hamilton-Jacobi equation Ty • Ay = A^ • e, for the nonholonomic 
reduced distributional Hamiltonian system (A,W£,/i), if and only if they satisfy the equation 
TA • Xh ■ £ = TjQ ■ T£ ■ Xh-e- 
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6.2 The vertical rolling disk 

In this subsection, we consider the motion of a vertical rolling disk, and derive explicitly the 
motion equations and the Type I and Type II of Hamilton-Jacobi equations of this problem. 
Assume that a vertical disk of zero width rolls without slipping on a horizontal plane and it 
rotates freely about its vertical axis. Let x and y denote the position of contact point of the disk 
in the plane, and the variables 0 and ip denote the orientations of a chosen material point with 
respect to the vertical plane and the ’’heading angle” of the disk, see [ 5 ]. Thus, the configuration 
space of motion for the vertical rolling disk is Q = x x whose coordinates are denoted 
by <7 = {x,y, 9 ,ip), and its velocity space is TQ, and the phase space is T*Q with canonical 
symplectic form w. The rolling constraints on the velocities are given by 

V = {{x,y, 9 ,ip,x,y, 9 ,ip) € TQ\ x = R 9 cos ip, y = R 9 sin (75}, 
where R denotes the radius of the disk. For any q ^ Q, we have that 

T>{q) = Span{i?cos <y 9 cla; -|- RsiTupdy + dg, 


Note that 


[Rcosipdx + Rsimpdy + dg, dy,] = [Rcosipdx, dy,] + [i^sinyjclj^, d^] + [dg, dy,] 

= —/? sin ipdx + R cos ipdy, 

which is nonzero everywhere and it is not in Td, then T> is nonholonomic and it is completely 
nonholonomic, that is, T> along with all of its iterated Lie brackets \p, Td], \p, \p, Td]\, ■ ■ ■ spans 
the tangent bundle TQ. The Lagrangian L : TQ —M is the kinetic energy, that is, 

L = -m{x‘^ + ij^) — 19^ -\ — Jip^, 

where m is the mass of the disk, and 1 and J are its moments of inertia. Note that L is 
simple and it is hyperregular, and hence the system is P-regular automatically. The momenta 
are Px = f| = mx, Py = ^ = my, pg = ^ = 19, py, = ^ = Jtp, and the Hamiltonian 
H ; r *(5 —>■ M is given by 

The unconstrained Hamiltonian vector field is 

1111 

Xh = —Pxdx H- Pydy + -pgdg + -Pydy. 

m m l J 

By using the Legendre transformation 

TL:TQ ^ T*Q, TL{x,y,9,ip,x,y,9,ip) = {x,y,9,ip,px,Py,pg,Py), 

we obtain the constraint submanifold A4 = J-L{Td) given by 

K A ft n \ rn*r^\ i 

M = {[x,y,9,ip,px,Py,pg,Py) G T Q\ Px = -^pg cos tp, py = —^pgsva.ip\. 


I 


Moreover, if we define J- = {T'KQ)~^(Td), then the compatibility condition TMdJ-'^ = { 0 } holds, 
where denotes the symplectic orthogonal of F with respect to the canonical symplectic form 
cj. Thus, 

/C = T” n TM. = spanjcle + Rcosipdx + Rsimpdy, dy,dpg,dp^}. 
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The induced two-form • w is given by 

mR cos 09 mi? sin ^ ^ , mR sin ip mR cos o9 , n , , , , 

UJM = aa;A(- j - dp 0 - j - pgdip)+dyA{ - j - dpg^ - j - p 0 dp)+deAdpe+dpAdp^p, 

and hence we have the non-degenerate distributional two-form ujx. = tk. ■ ujm ■ A direct compu¬ 
tation yields 

, mR^. . mRsinip mRcosp 

^dg+Rcosipdx+Rs'm(pdy^lC 7 jdpo^ dp^p H - pgdx - pgdy, 


. mR cos ip 

=-;-dx - 


I 

mR sin p 
I 


I 


dy - de, 


idp^^K. = -dv9, 


and 


1 mR mR cos p mRsmp 

dHjc = - —Pecos p[ - - -dp6»-j- Pedp) 


^C 7 'r\ J 

ml 1 

1 mR mR sin p 

H- —Pe sm p[ -- dpe + 


m I 

1 ,, mR? 


I 


I 

mR cos p 

T 


■pedp) + jpedpe + ^Ppdp^ 


= j(i + 


1 


^ )pe<^P9 + -jP^f^P^- 


Assume that Xjc = Xi{de + Rcospdx -|- Rsinpdy) + X 2 dp + X^dpg + X^dp^, then 

. ,,, mi?^, , , , mRsinp mRcosp , , 

^Xk.^k = Ai((l H- —)dpe) + A 2 (dp^ H-;-p^dx- - -Pedy) 


I 


I 


I 


, mRcosp , mRsinp , , x 

+ ^3(-^dx-^-^dy - d^) -h Xi{-dp) 


I 


I 

,,, mRsinp mRcosp. , , mRcosp mRsinp. , 

= (A2- ^pe - X3 -^)dx + (-A2- ^pg - X3 -H^)dy 


I 


I 


I 


mR? 


+ {-X 3 )de + {-Xi)dp + (Ai(i + ^))dp, + (X2)dp^. 

From the distributional Hamiltonian equation ixf^ujK. = diiyC) we have that 

Xi = ype, A 2 = -jPifi: A 3 = 0 , X 4 = 0 . 

Hence, we get that the nonholonomic vector field 

Aac = jPe{de + Rcospdx + Rsinpdy) + ^Ppdp, 

and the motion equations of the distributional Hamiltonian system {X, 0 Jic, H) are given by 

R cos p R sin p ■ 1 1 

X = — J — Pe, y = — J — pe, 0 = jpg, p = -p^, pg = 0, p<^ = 0. 


In the following we shall derive the Type I and Type H of Hamilton-Jacobi equations for the 
distributional Hamiltonian system {X,uiic, H). Assume that 


7 : Q ^ T*Q, 'y{x,y,e,p) = (71,72,73,74,75,76,77,78), 
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then A = 7 • ttq : T*Q —)> T*Q given by 

X{x,y, 9 ,ip,px,Py,Pe,Pip) = (Ai, A2, A3, A4, A5, Ae, A7, As) 

= 7 • '^Q{x,y,0,p,px,py,pe,p^) = 'y{x,y,6,tp) 

= (71 • ttq, 72 • VTQ, 73 • TTQ, 74 • TTQ, 75 • ttq, 76 • ttq, 77 • ttq, 78 • ttq), 


that is, \i = ji ■ ttq, z = 1 , • • • , 8, where Aj, z = 1 , • • • , 8, are functions on T*Q, and 7^, i = 
1 , • • • ,8, are functions on Q. We may choose q = {x,y,6,ip) G Q, such that 7i((?) = x, 72(9) = 
y, 73(9) = 0 , 74(9) = ¥ 5 , and 7(g) = 75(g)dx + 76(g)dy + -f7{q)de + 78(g)dv9. Note that 
T>{q) = Span{i 2 cos+ Rsinipdy + 5 ^, d^p}, take that a = Rcosipdx + Rsimpdy + dg and 
13 = dip, then we have that 


d7(a,/3) 


«(7(/3)) - /3(7(a)) - 7([a, /3]) 


„ idjs 575 


+ fisin 

oy 


^76 



—) + 2(i?sin(^75 


Rcos ip'^%). 


Thus, when d7(a,/3) = 0 , we know that for any v,w € R, and Titq{v), T'xq{w) G T), then 
d7(T7rg(u), T7rQ(u))) = 0 , that is, 7 is closed on V with respect to Tttq : TT*Q TQ. 
Note that C M, then we have that px = 75, Py = 76 , Pe = 77- Py> = 78 , and 75 = 

^^77 cos 76 = ^^77 sin 99. Hence, 


1 ,m?R? 9, 1 9 1 9 1 , mR^. 9 1 9 

H ■ 7 = ( n — 7 ?) H- 7 ? H- 7 r = —(1 H- )77 H- 7 r, 

' 2m^ P 21’^ 2J'® 2r I 2J'®’ 


and 


Xh ■ 7 = y77 cos (fdx + y77 sin pdy + j 7790 + y78d</3 

= '^{R cossin ipdy + dg) + y• 7, 

= Tttq • Xh ■ 7 = '^{Rcospdx + Rsinpdy + dg) + yd<^- 

Thus, T7 ■ Xjj = X]c ■ 7, that is, the Type I of Hamilton-Jacobi equation for the distributional 
Hamiltonian system {X,u}ic, H) holds trivially. 


Now, for any symplectic map e : T*Q —>■ T*Q, from lo = £*uj = u ■£ = {dx£ ■ dp^£)dx A dpx + 
{dy£ ■ dpy£)dy A dpj^ -|- {dg£ ■ dpg£)d9 A dp^ -|- • dp^£)dip A dp^, we have that 

dx£-dp^£=l, dy£-dpy£ = l, dg£-dpg£ = l, dp£-dp^£ = l. 


Denote by £{x,y, 9 ,ip,px,Py,pg,Pp) = (ei,£2,£3,£4,£7^8), then we have that 




2 

7 


2J 


2 

8! 


and 


and hence 


Xh-s 


—£r>dx 3 - £&dy + -erdg + -:£8dp, 

m m 1 J 


Xjj = Tttq • Xh ■ £ 


—Sbdx H- eedy + -£7dg + -£8dp. 

m m I J 
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Since Im{'y) C M, then 


Tj ■ Xfj = Tj ■ {—e5dx + —eedy + \e 7 de + ^esd^,) 
m m l J ^ 

= y £7 COS ipdx + y £7 sin ipdy + jEjdo + —£%dy, 

= y (-R COS (fdx + R sin ifdy + dg) + y 

= Xk. ■ £, 

because £5 = ^^£7 cos ip, Eg = ^^£7 smp. In the same way, note that A = 7 • ttq, and Im{\) C 
M., then 

R R 11 

TA • Xh ■ £ = —£7 cos pdx + —£7 sin pdy + j£7de + -jEsdy, 

= ^{R cos ifdx + R sin pdy + dg) + = Xjc-£. 

1 U 

On the other hand, since e: T*Q ^ T*Q is symplectic, we have that 


Tic -Te ■ Xh s = t/c • ■ e 

R R 11 

= y £7 COS pdx + —£7 sin pdy + j£7dg + —E^dy, 

= ^-{R cos pdx + R sin pdy + dg) + ^dy, = Xic ■ £. 

Thus, T^-X^ = Xjc'E = TX-Xfj-E = tic-Te-Xu.^. In this case, we must have that £ is a solution 
of the Type II of Hamilton-Jacobi equation Tj ■ Xfy = Xic ■ £, for the distributional Hamiltonian 
system (/C, uJic,H), if and only if it is a solution of the equation TA • Xh ■ e = tx. - Te ■ Xn-e- 


In the following we consider respectively the actions of two Lie groups G = and G = SE{2) 
on Q, and give the motion equations and the Type I and Type H of Hamilton-Jacobi equations 
of the nonholonomic reduced distributional Hamiltonian systems. Firstly, we consider the action 
of Lie group G = on Q, which is given by 

^ : G X Q ^ Q, $((r, s), {x, y, 9, p)) = {x + r,y + s,9, p), 


and we have the cotangent lifted G-action on T*Q, and the Hamiltonian H : T*Q ^ M is 
G-invariant. In this case we have that 


mR 


mR 


M = {{0,p,Px,Py,pg,P7>) G T*Q/G\ px = -—pg cos p, py = -—pgsinp}, 


and the distribution 

iC = spanjSe, dy, , dpg ,dp^}, 
and the non-degenerate two-form uij^ is given by 

ujx = {1 + A dpg +dp X dpy,. 


A direct computation yields 


_ mR^. , 
^de^K. = (H-j— 




mR^. 

= -(! + —;—)d0, 
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and 


d/i£ = dHK = j(H- —)Ps^Ps + -jPv^Pv 

Assume that = Xidg + X2d^p + X^dpg + X^dp^, then 

+ -^)^Pe) + A2dp<^ - A3(1 + - X/^dtp 

= -A3(1 + ^)d0 - A4dv9 + Ai(l + -p)dpe + X2dpp. 

From the nonholonomic reduced distributional Hamiltonian equation = d/i^, we have 

that 

Ai = jpe, X2 = 'jP‘Pi ^3 = 0, A4 = 0. 

Hence, the nonholonomic reduced vector held is = jPede + and the motion equations 

of the nonholonomic reduced distributional Hamiltonian system {}C,ojjQ,h) are expressed as 

^ = jPe, P = jP>f, Pe = 0, p^ = 0. 


In the following we shall derive the Type I and Type H of Hamilton-Jacobi equations for 
the nonholonomic reduced distributional Hamiltonian system {IC,u}j^,h). As above 7 : Q —>• 
T*Q, and A = 7 • ttq : T*Q —)• T*Q, and assume that Im(7) C Ai, and it is G-invariant, 
Im(r7) C A, then we have that 7 = 7r/G(7) : Q T*QjG, j{x,y, 0 ,ip) =_ (71,72,73,74,75,76), 
and A = 7r/G(A) : T*Q T*Q/G, \{x,y, 9 ,ip,p::,,py,pe,pp) = (Ai, A2, A3, A4, A5, Ae), that is, 
Ai = 7i • vtq, z = 1, • • • , 6, where A,, z = 1, • • • , 6, are functions on T*Q, and 7^, z = 1, • • • , 6, 
are functions on Q. Note that h ■ vr/g = tm ■ H, and the distribution A = spanjcle, dp, dp^, dp^}, 
then we have that 

^•7 = ^ 7 | + ^ 7 |, Xh ■ j = j^^dg + j^edp. 

When d'y{a,f 3 ) = 0, that is, 7 is closed on V with respect to Tttq : TT*Q —)■ TQ, we have that 

Ti ■ X]j =Tjc- Xh-^ = Xjc-^, 

that is, the Type I of Hamilton-Jacobi equation for the nonholonomic reduced distributional 
Hamiltonian system {}C,iOj^,h) holds. 

Now, for any G-invariant symplectic map e : T*Q —>■ T*Q, e = x/ci^) ■ T*Q T*QjG, is 
given by e{x,y,9,<p,px,Py,pg,Pp) = (ei,62,63,£4,£5,ee), then we have that 

h-e = ^ei + ^ei Xf, ■ e = je5dg + jEedp. 

Since Im(7) C M, and Im(T7) C A, and hence Im{^) C Ad, Im{T^) C A. Thus, 

■ Xfj = Tj^ ■ Xh ■ £ = jEbdg + jEedp = Xj^-e. 

Note that A = 7 • ttq, and Im{\) C Ad, and Im{TX) C A, then we have that 

T A • Xh ■ e = TjQ ■ Xh ■ £ = XjQ ■ £. 
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On the other hand, since e : T*Q —>■ T*Q is symplectic, and e* = e* ■ttJq : T*{T*Q)/G —)• T*T*Q 
is also symplectic along e, then we have that 

■ ^h-e = 'Tic ■ ■ e 

= jE^de + = Xjc-£. 

Thus, Ty • Xjj = Xj^ - e = TX- Xu - e = Te- X^.g. In this case, we must have that e and e are 
the solution of the Type II of Hamilton-Jacobi equation Ty • X^ = X^ ■ e, for the nonholonomic 
reduced distributional Hamiltonian system {IC,ujjQ,h), if and only if they satisfy the equation 
T A • Xh • e = TjQ ■ Te ■ Xh.g. 


Next, we consider the action of the Lie group G = SE{ 2 ) = S' 0 ( 2 )(DM^ on Q, which is given 
by 

^ : G X Q ^ Q, <h((a, r, s), (x, y, 9 , ip)) = (x cos a — y sin a -|- r, x sin a + y cos a + s, 9 ,ip + a), 


and we have the cotangent lifted G-action on T*Q] then the Hamiltonian H : T*Q —M is 
G-invariant. In this case we have that 


M = {i 9 ,Pa:,Py,Pe) G T*Q/G\ p^ 


mR 

—Pe cos if, py 


mR 


Pe siny?}, 


and the distribution /C = span{ 5 e, and the non-degenerate two-form is given by 


mR^. 

= (1 + —A dpe- 


A direct computation yields 


_ mR?. , . _ mR^, 

= (1—pjdpe, =-(1 


and 


1 ttiIl 

d/i£ = dif^ ^ -^)P9dpe + jP^dp^. 

Assume that Xj^ = Xide + X2dpg, then we have that 


^Xtc^ic = ^i((l + + X2{-{1 + ^^)d6»). 


From the nonholonomic reduced distributional Hamiltonian equation = d/i£, we have 

that Xi = jpe, X2 = 0 . Hence, the nonholonomic reduced vector field is Xj^ = jpedg, and the 
motion equations of the nonholonomic reduced distributional Hamiltonian system h) are 

the following 

G = jPe, Pe = 0 . 

In the following we shall derive the Type I and Type H of Hamilton-Jacobi equations for the 
nonholonomic reduced distributional Hamiltonian system {IC,tOjc,h). As above 7 : Q —>■ T*Q, 
and A = 7 • ttq : T*Q — )> T*Q, and assume that Im(7) C AJ, and it is G-invariant, Im(r7) C /C, 
then we have that 7 = 7 r/G( 7 ) : Q ^ T*Q/G,_j{x,y_, 6 ,p) = (71,72,_73,74), and A = 7r/G>(A) : 
T*Q T*QIG, X{x,y,9,ip,px,Py,pe,Py,) = (Ai,A2,A3,A4), that is, A^ = 7* • ttq, i = I,-- - , 4 , 
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where Aj, i = 1 , • • • , 4 , are functions on T*Q, and 7*, i = 1 , • • • , 4 , are functions on Q. Note 
that h- TTIQ = tm • and the distribution K, = spanjS^, then we have that 

= Xh-i=ji?,de. 

When d7(a, / 3 ) = 0 , that is, 7 is closed on T> with respect to Tttq : TT*Q —>■ TQ, we have that 

T^-Xl = Tj^-Xh-i = X^-^, 

that is, the Type I of Hamilton-Jacobi equation for the nonholonomic reduced distributional 
Hamiltonian system {}C,iOj^,h) holds. 

Now, for any G-invariant symplectic map e : T*Q —>■ T*Q, e = ttiq{s) : T*Q T*Q/G, is 
given by s{x,y, 6 ,ip,p:c,Py,Pe,P^) = (ei,£2,£3,£4), then we have that 

h-£=^el, Xh-£ = j£ 3 dg. 

Since Im(7) C M, and Im(T7) C X, and hence Im{^) C M, Im{Tj) C X. Thus, 

T7 • Xfj = TjQ ■ Xfi ■ £ = —£380 = XjQ ■ £. 

Note that A = 7 • ttq, and Im{\) C Ad, and Im{TX) C X, then we have that 

T A • Xff ■ £ = TjQ ■ Xh ■ £ = • £. 

On the other hand, since e : T*Q —> T*Q is symplectic, and £* = £* : T*{T*Q)IG T*T*Q 

is also symplectic along e, then we have that 

• Te • Xh-e = Xh-£ = = Xj^-E. 

Thus, T7 • X|^ = XfQ ■£ = TX- Xff ■ £ = TjQ- Te- Xh-e- In this case, we must have that e and £ are 
the solution of the Type H of Hamilton-Jacobi equation T7 • Xf^ = X^ ■ e, for the nonholonomic 
reduced distributional Hamiltonian system [X,oj^,h), if and only if they satisfy the equation 
TX ■ Xh ■£ = '££■ Te • X^.g. 

From the above discussion, we also see how the Hamilton-Jacobi equations for the nonholo¬ 
nomic reduced distributional Hamiltonian systems are simplified by nonholonomic reduction 
procedures. ■ 

It is well known that the theory of controlled mechanical systems became an important 
subject in recent years. Its research gathers together some separate areas of research such as 
mechanics, differential geometry and nonlinear control theory, etc., and the emphasis of this 
research on geometry is motivated by the aim of understanding the structure of equations of 
motion of the system, in a way that helps both for analysis and design. Thus, it is natural to 
study controlled mechanical systems by combining with the analysis of dynamic systems and 
the geometric reduction theory of Hamiltonian and Lagrangian systems. In particular, Marsden 
et al. in [ 31 ] set up the regular reduction theory of regular controlled Hamiltonian systems on a 
symplectic fiber bundle, by using momentum map and the associated reduced symplectic forms, 
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and from the viewpoint of completeness of Marsden-Weinstein symplectic reduction, and some 
developments around the above work are given in Wang and Zhang [47], Ratiu and Wang [37], 
Van der Schaft and Wang [40], and Wang [42]. Since the Hamilton-Jacobi theory is developed 
based on the Hamiltonian picture of dynamics, it is natural idea to extend the Hamilton-Jacobi 
theory to the (regular) controlled Hamiltonian system and its a variety of reduced systems, and 
it is also possible to describe the relationship between the CH-equivalence for controlled Hamil¬ 
tonian systems and the solutions of corresponding Hamilton-Jacobi equations, see Wang [44-46] 
for more details. Thus, our next topic is how to set up and develop the nonholonomic reduc¬ 
tion and Hamilton-Jacobi theory for the nonholonomic controlled Hamiltonian systems and the 
distributional controlled Hamiltonian systems, by analyzing carefully the geometrical and topo¬ 
logical structures of the phase spaces of these systems. 
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